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THE Elements of Euclid being- 
.., the moft approved Book, for teach- 
ing the Firft Rudiments of Geometry ,• the 
Author hereof, the Reverend Mr* Hen- 
ry Hill? has taken Laudable Pains, to 
render it as plain and eafie to the Reader, 
as the Nature of the T hing admits of. 
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T O T H E , 

, Molt High Puifiant .and Noble Prince 

CHARLES* 

V Duke of Somerfet, Marqnijs and Earl of Hertford, Vif- 
count Beauchampe de Hatche, Baron Seymour of Trow- 
el bridge, Lord of [be Honours of Cockermouth, Fetworth,- 

i , &c.Chanattourof-thc'Uml>erj;tyj)fX)ambTi&gc,lQiigbi 
tl of the mofi Noble Order of the Garter, and One of His 
7 Majefly's mofi Honourable Privy Council, &c. &c. &c. 
rv ' ' ' 

May it fleafe .YpuK Grace, ■'•:',' 

JMONG 8ll the manifold Sciences, which 
have hitherto been the Study and Delight 
of the Learned World, there is none that has 
ev« been f (Itemed of greater Extent,' Ufe, 
; iin<iJ?tofi|, *b*n ibatof; .GEflMSTJRV, "'. ' .■.' 

So yaftly Advantageous, Ufeful, and Beneficial, is 
the Knowledge thereof to Mankind in General, that 

upon 



Epiftje Dedicatory. '. 

* 

'upon it, as upon an Immoveable Pillar, is Super- 
ftru&ed the moft Spacious Science of the Mathema- 
tics j which fb fully comprehends the Grounds and 
Principles of all Arts, that there is hardly One which 
(lands not in need of its kind Affiftancc. 

To Geometry we owe the mighty Progrefs, that 
has been already made* in Static ks y Hydroftaticks, Op- 
ticks, Gnomonicks, Gunnery , ttaYtgation, -and all other In- 
feriour Branches of the Matfmnaticks j nor are we leis 
beholden to it for the Discovery of many New and 
Surprising Phtnomina 5 for the Explanation of (he Laws 
the Celeftial .Bodies obferve in their Motions ^ and for 
.the Investigation of their true and phyficai Caufes. 

t 

The Elements T here prefent Your Grace, are 

the Fir ft Rudiments of that Divine and Boundlefs Science, 
which, like the great Luminary, the Sun, extends it 
felf from Pole to Pole, and fcatters its Light through' 
out all the .Labyrinths of Humane learning. They 
are, My LORD, the Firft Principles' of that Sublime and 
Noble Science, which has had the good Fortune not only 
to be Universally receiv'd, but to be Admir'd alio and 
"Encourag'd, by the greateft and moft eminent Perfons, 
in all Ages and all Nations. 

May it" pleafc Your <*ra<:£> therefore to take the 
following Sheets into your Patronage and Protection $ 
fhey being the Ftrft (Rudiments of that Science, which 
qualifies thofe that underftand it for all Employ- 
ments, 



Epiftle Dedicatory. 

ments, and renders them, Ingenuous in all Profeflions* 
May the Ufefulnefs of the Subject recommend them 
to Your Graces Favour, whatever may be wanting, 
either in the Work or the Author. 

I mould, My Lord, offer at an Apology for pre- 
fuming to throw in my poor Endeavours, among your 
Great and Important Affairs, did not the Work it felf 
point out its Patron, and lay a more than ordinary 
Claim to Your Graces Protection. 

For, to whom, My Lord, can I fb properly De- 
dicate a Book' calculated^ and' intended for the Ule and 
Benefit of the World, as to a Perfbn who is always 
promoting the general Good of Mankind, and con- 
tinually 'embkfy 5 in the J< Servicfe of 'the Publlck ? To 
whom ciri Ho weH'*inKcribe -a -Work of fo 'touch In- 
tricacy, Labour, and Difficulty, as to a Perfort of YOUR 
Graces Penetration, Candour, and Humanity ? To 
whom can I with fo much Juftice fend a Treatife of 
the Firfi Principles of almoft every Art, as to One 
who is well acquainted with every Science, and adorn'd 
with Learning of every Sort J 



'S 



You, My Lord, are the moft proper Perfon, 
to introduce the hirft (Rudiments of Arts and Sciences 
to the Publick, and to recommend them to the 
Learned World 5 Learning being the Employment and 
Entertainment of your noble Mind. Such is your Af- 
fection for Arcs, that you countenance and encourage 

a every 



Epiftle Dedicatory. 

every Artiftj And fo great is your Reputation for 
Learning, that you have the Honour to prcfidc over 
one of the molt Learned Bodies in the Univerfe. 

Much more, Mr Lord, might be alledg'd, for lay- 
ing this poor Performance at Your Graces Feet, which 
is, I confefs, infinitely unworthy of the Acceptance of 
fo great a Perfon, and the Peruial of fo Judicious an 
Eye 5 but fearing lead I fhould offend your Modefty, 
and remembring how valuable every Moment mull 
be to one of your High Birth, Rank, and Quality } 
I am the rather determin'd to wave the Profccurion, 
and to rely upon Your Graces Candour and Conde- 
fcenfion. 

Mat the PRINCE of Geometricians, the 

OMNIPOTENT CREATOR of the Univerfe, 
lpng preferve YOUR Grace, and may you long enjov 
that Affluence, which, Like che Sum ic felf, affords 

Warmth and Life to all about you. 

This, Mt Lord, is the fiacere Wifli, and hearty 
Prayer of him, who with the utmoft Subauifion and 
Rcipeft, craves leave to Subfcribe hirnfclf, 

Your Graces, 

Moft Obedient, 



Jnd moft Humble Servant, 

Henry Hill. 
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THE 

PREFACE. 

IS exfe&ed of tbofe who aftear in "Publicly that they 
gixe the World a (bort Account, of the Uftfulnejs of 
the Subjects ufon which they Treat ; of the chief Mo- 
tives whtch tnauCd them to Write \ ana of the Me- 
thods tbej have taken and made choke of in Writing. 

THIS if that which is required of all Authors in General ; 
lut more effeciaUy of thofe, who undertake Suljetts, which are 
not only Intricate and Difficult in them/elves, but which have 
been often handled* and that by Men of the greatefi Genius's, 
Judgments, and Abilities. 

THE Contents then of the following Sheets, being the Firft 
Rud merits of Geometry, the Uftfulnels of the Subjetf, willy I 
frejume, a] fear, from that of Geometry Hfelf ; there being no 
Science wuatjoexer, that can afford greater Delight or Entertain* 
ment to the Mind ; that is Jo Extenjive and Unbounded in its 
Ufe and Jfflicatton ; or that can lay a more jujt Claim, either 
to the Invention or the Improvement if all ufefid Mechanick 
Arts. 

THE chief Motive which induced me to Write, was the 
Ufefulnefs of the Subjeft upon which I Treat ; it leine the in- 
finite Advantages which accrew firm Geometry to Mankind m 
General, that led me to comPofe the enfuing Treatife, ana to let 
out every Demonstration in fuch a regular, flain, and ea/ie Man- 
ners & might neither burthen the Memory, nor ferplex the Mind ; 
but that the Town* Student might proceed with tafe and Cheer- 
fidnefs, in the Firit Rudiments of that great and ffacious Science, 
which is the BaSs and Foundation of all Parts and Branches 



The PREFACE 

of the Mathcmaticks, and which httitules thofe that under/laud 
it to inch Penetration and Exaftnefs, as fits and {refutes them 
for all Employments. 

THE Method I have taken in Writings is entirely new ; 
wholly different from any that has hitherto leen maue choice 
of by any of the Interpreters of EUCLID, and fucb as does 
not Jo much require Intent and fevere Thinkings as a lore and 
eape Inf\etiion. 

THE letter to avoid 01 f cur ity and Confufon, and that painful 
Attention, which we have a general Jver r on to, ana wAch ai- 
jturbs and diflratfs the Mind; I have fet each, and exery De- 
monflration out in Lines, or btefs ; fo that the feveral MeJum J s 
that are necejjary, in Order to invefiigate the Truth of many 
Prof options, might no ways fuzzle or ferplex the Toung Geo- 
metrician ; but that he might have a clear and ferfc^^tfotion 
and Idea, cftbe moji Intricate Demonstrations in the ELE MEN TS 
if GEOMETRY,***/ f roceed with Courage and Delimit, in queft 
if the Firft Principles of real and true Pkilofophy. 

BESIDES that of Steps y which runs throughout the Bo$h, 
J haze (in order to fat Hit ate the Work) had recourfe fame times 
to one Metfjody fometimes to another, according as I judged this 
or that of them, Jit t eft to Demon/Irate tve Thing in Hand; but 
having chiefly, and for the moft Part, made ufe of Algebra, 
where I thought it convenient to deviate from the Original, I 
have, for that Reafon, frejixt as much of Literal Arithmetic!^ 
as is any where required in the following Demonjlrations* 

WH AT Ofinion the World may have of thefe my Endea- 
vours, after fo many Ingenuous and Elaborate "Performances on the 
fame SuLjeti, lime mult teach me ; all that I have to requeft y 
is, that the following Sheets may he impartially ferus% and not 
too rigoroufly cenfur % d, but that the Candid Reader would ex- 
cufe and \afs truer any fligpt Error* that may {ojfibly occur in 
the enfuing Treatife. 

The 



The Explanation of the Signs, CharaSers, and Abbreviations of Words, 
u/cd in this <B0 %. 

'More, or to be added. 
Lei's, or to be fubtra&ed. 
Multiplyed by. 
Divided by. 



_A 

a 

1+2 

1+2AB 

I — i 
I-lAB 

I X_2 
I X 1 
I -i. 3 

r? 



L 
L' 

tL 
rL< 
A 
A' 
J. 
X' 



A divided by B. 

The firft Step added to the fecond Step. 

The firft Step added to the Quantity i A B. 

The firft Step wanting the fecond Step. 

The firft Step wanting the Quantity 2 A B. 

The firft Step multiplyed by the fecond Step. 

The firft Step multiplyed by the abfolute Number 2. 

The firft Step divided by the fecond Step. 
S/The firft Step divided by the abfolute Number 2. 
S-> Equality, or equal to. 

Majority, or greater than. 

Minority, or leis than. 

Parallel to. 

Therefor 

From. ' 

Angle. 

Angles. 

Right-angle. 

Right-angles. 

Triangle. 

Triangles. 

Perpendicular, and Perpendicular to. 

Perpendiculars. 
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iw 2 

A' 
A'B 






A:B=GD. 
Ax. 

Poft. 

Def. 

Conft. 

Sub. 

Hyp. 



Parallelogram. 

Parallelograms. 

Involution, or the Bailing or Producing of Powers, from any 

propofed Root. 
Evolution, or the Extracting of Roots from any given Power. 
The Squaring of any Quantity, or Involving of it to the 

fecood Power. 
The Extracting of the Square Root of any Quantity. 
The Cube of A. 
The Cube of A B. 
Square. 
Square. 
Square Root. 

As A is to B, fo is C to D. 
Axiom. 

Populate, or Petition. 
Definition. 
Conftruftion. 
Substitution, or the placing of one Quantity in the Room 

of another, which is equal to it. 
Hypothecs, or Supposition. 
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Thomas Cbeftcr, Efq; 
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The Rev. Mr. Elliot. 

The Rev. Mr. Eaton. 

Mr. John Ellam. 



The Right Honourable the 

Finch. 
The Honourable Jphn Finch, 
The Honourable Henry Finch, 
The Right Honourable the 

Etfex Finch. 
The Right Honourable the 

Mary Finch. 
Mrs. Finch. 
George Fox, Efq; 2 Books. 



Lord 

Lady- 
Lady 



The-Rev.Afr. Gower. 
The Rev. Mr. Giffard, Prebendary 
of Nvrwich. • 

H 

The Right Honourable the Mar- 

quifs of Hertford. 
Richard Heath, Efq; o Books, 
Hewer Edgley Hewer, Efq; 
Thomas Haskett, Efq; 
John Harris, Z>. D. 

John 



John Hoadly, D. D. 

The Rev. My. Hutton, Chaplain to 
His Grace the Duke of Somtrfet. 

The Rev. Mr. Holdfworth. 

The Rev. My. Heath. 

The Rev. Mr. Harvey. 

Mr. George Heath. 

Mr. Thomas Heath. 

Mr. Thomas Howard, Surgeon, Guil- 
ford. 

Mr. John Howard, Surgeon, Guilford 

Mr. John Harraden. 

Air. Thomas Hillier. 

Mr. James Hays. 

j 

Charles Jennings, Efq; 

K 
John Knightly, Efq; 
Copt. John Kyrby. 
Mr. Jofhua Keen. 
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James Oglethorpe, Efa 
William Ogbourne, Efq; 
The Rev. Mr. Owen. 

P 

Charles Pinfold, L.L.D. 

R 

Jofeph Richardfon, Efq; 

Capt. Jofeph Ricarfon. 

^he Rev. Mr. Robinfon. 

The Rev. Mr. Rounding, Fellow of 

Mag. Col. Cambridge. 

S 

His Grace the Duke of Somtrfet. 

Skeffington, Efq; a Books. 

Matthew Snow, Efq; 
The Rev. Mr. Stephens. 
Mr. Henry Stevens. 
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John Tournay, Efq; 
The Right Honourable the Earl of T^S?*: M £ Ta,, ™an. 

Richard Lepton, Efj; 

M 



Sir Moor Molyaeux, Knt. 

The Honourable Samuel Molyneux, 
Secretary to His Royal Highnefs. 

The Rev. Dr. Mather, Vice-Chan- 
ccllour of the Univerficy of Ox- 
ford. 

Colonel Thomas Moor. 

Mr. Chriftopher Mafon, of Petworth, 
Philomath. 

Mr. Chriftopher May. 

Mr. William Matthews. 

N I 

Sir Clo Noel. 
William Nicholas, Efq; 
The Rev, Mr. Nicholas. 



Mr. William Tisbcry. 

V 
The Rev. Mr. Veneer. 

W 

William Woodford, M. D. 

John Wight, Eh; 

Abel Walter, Efq; 

George Woodroiie, Efq; 

The Rev. Mr. Warner. 

The Rev. Mr. Wharton, ProfelTor 

of Poetry in Oxford. 
Mr. Walker of Baliol Col. Oxford. % 

Books. 
Mr. Richard Whitehead of Bramp- 
fhot 9 Hampshire. 

The Rev. Mr. Younger, Prebenda- 
ry of Sarunt. 
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Demonftraced after a New, Plain, and Eafie 
METHOD. 



DEFINITIONS. 

Geometrical Peine, h that which has no Part% 
or at leaft is confidered as filch, and which of 
Confequeoce is iodivifible. 
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A Line, whether Straight of Crooked, is a Length with- 
out either Breadth or Thicknefs, and is conceiv'd to ba 
generated by the Motion of a Point ; as A B, C D. 



~* 



Becaufe a Line hath Length, 
it is called a Qiiantity of one 
Dimenfion, and is fuppofed to 
confift of an infinite Number of 
Points* 









c 
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The Ends, or Limits of a Line, are Points. 

A Right-line, is that whereof the Points are equally 
placed betweten its Two Extremities ; as A B. 

Whence it follows, that a Curve-Urn^ is that which 
has not all its Points placed equally between its two Ei- 
tremities ; becaufe fome are elevated above, and fome fub* 
fide below others; as CD* 

A Superficies of Sytface, is that which hatfc Length antf 

Breadth without Thicknefi, and is conceiv'd to be ge- 
nerated by the Motion of a Lwe* as a Line is by the. 
Motion of a Point. 

Thus, if AB, were equally mov'd along, the Line AG,. 
.tQ C Vi :'+. it. would torn, the Sttftvficies - or Surface. 
A BCD.. {u> v 



A 



i t' 



B 



Became a Superficies or Surface 
hath Length and Breadth, it i& C 
I called a Quantity of two Dimen- 
fipnv and., is, fuppofed. to cpafift of an infinity Number 
of Lines* • ' , 
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The Extremities, or Ea&fr of a Superficies or Surface, are 
Lines. / 

A Tlflxe-Surface or 'Pkw, is that which hath all its 
Right-lines equally placed between its Extremities ; fo- 
tliat one does not rife higher, or fubfide lower thanthe>. 
other j as ABCD; , 

m 

A Plane- Jn$le 9 is the Inclination of two Lines the 
one to the other, the one touching the other in the 
fame Plane, yet not lying m the fame Straight Line j .as 
BAC- / 



And according as fuch Lines are 
inclined to each other, that is, ftand 
nearer • or further off each ether* 
the oAngle is faid to be leffef or 
greater, whether the Lines which 
include it be fhort or long. / 



Thus, the Lines At/, A /J include the fanje- Angle as 
the Lines AB, AC; notwithftanding that AB Is lon- 
ger than hi; and AG tliaa A/. 




/ 



V 



AIT Angles, whether Right; Obtufi* or Acutt, which 
.are. included^ between. Right-lines, are called Right-litM 
Angles. . . 



V , 



j3k.& 



When 



t 
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When a Right-line CG, ftandeth on a Right-Une AB, 
and maketh the Angles CGA, CGB, on either Side 
thereof, equal one to the other, then both thole equal 
Angles are Right- Angles and the RigMine C G, which 
ftaSletb 6n th? other AB, is termM a Perfendtcular to 
that other A B, whereon it ftandeth. 

Note. When feveral Angles 
meet at the fame Point, as at 
G, each particular Angle is de- 
fcribed by three Letters ; where- . 

of the middle Letter lheweth A • B 

the angular Point, and the two " 

other Letters, the Lines that 
make the Angle. 

Thus, the Angle which the Right-lines CG, AG make 
at G, is called CG A, or AGC 

An Ohtufe-Me is that which is greater than a Right- 
Angle ; as ACD. 



iai An *Acitte-+4ngU is that 
which is lefs than a Right- 
Angle j as ACB. 




ijj A Limit, or Term, k the End of any Thing. 

14I A BgMre is any Space or Quantity of two or three 
Dimenuons, comprehended under, or bounded every Way 
by one or more Terms. 
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A C/rcZtf 6 a plane Figure, terminated by ja Bounda- 
ry of one Line only, which is called its Teriphery or 
Ciitumference> as A B C D A, within which is a j Point, as 
E, called the Center ; from which all the Right-lines, .S*- 
midiametersy or Radij, EA, EB, EC, £$c. drairn to the 
Circumference^ are equal to one another. < f 



The Center therefore of a Circle h 
a Point within its Circumference, from 
which all Right-lines drawn to that 
Circumference, are equal among them- 




*7 



18 



19 



20 



felves ; as E. 



The Diameter of a Cirtk, fe any fcigfy-lifrie drawn 
through the Center, and terminated by the Circumference , 
on each Side, dividing the Cjrcja into two eqtal Parts ; 
as AC. 

A Semicircle, is a Figure which is contained under 
the Diameter, and under* that. Part of Mie i Circumfe- 
rence whidrfc cut off by the Diameter; as A!BC 

Right-liffd. Figures, are fucji as are contained under 
Right-lines. '> ' . - r » 



Three-fided Figures, or Triangles, are 
fuch as are coataipM under three iMghf- 
lines : a* A. % ... .' 
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Euclid's Elements 

fmfiel* or Quadrilateral tignres, 
are fuch as are contained under Four 
Right-lines ; as B. 



22 



Many-fided Figures, or Polygons, are 
I fuch as are contained under more 
Right-lines than four ; as C 
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An Equilateral Triangle, is 
that which has all its Three 
Sides equal j as ABC 

That is, AB = BC = AC. 



. An IfojceUs Triangle, is that 

I which hath only Two of its Sides 
equal; as DBG. 



That is, DB=DG; but the 
Third B G, may be either great- 
er or lefs, as Occafion requires. 
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A Scdenoms Triangle, is tint 
which hath all its Three Sides 
(unequal ; as D, 



B&OK. L 
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26 A Right-angled Triangle, is that 
which hath one Right-angle ; as E. 



27 




* 

An Obttfe^angled Triangle, 
its Angles Obtufe ;. as D. 



is that which hath One of; 






28 1 An ^Acute-angled Triangle, 
Angles Acute ; as A BC 



29 



is- that whkh hath all it* 




t 



30 



A Square, is a Quadrilateral Figure 
contained under Four equal Sides, all 
perpendicular to one another ; as ABCD. 

Thatis, when Aft=BC = CD= B 
AD, and the Angles A, B, C, D, are 
equal, then it is ufually called a Geometrical Square* 

A Right-line drawn froin any Angle of a Square, to 
the oppofite One, as AC, D B, is caHed its Diagonal • . 
and the Point where Two fuch Diagonals intedeft each' 
other, is called. its Center', as E. 22/ 

A Re&angle, or Right-angled Parallelogram, (often called .3 

an Oblong, or Long Square,) is a 

Figure that hath Four Right- B 

Angles, and' its Two oppofite 

Sides equal, viz, BC=AD, and' 

B A=: CD. 
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Euclid's Elements. 

A Rhombus, or Diamond-like 
Figure, is that which hath Four 
equal Sides, but no Right-An- 
gle. That is, a Rbcmbms is a 
Square moved out of its right 
Pofition j as F. 

A Rbmboid, or Dimoad4ikt R- = 
£«r*, is that whole oppofite Sides, 
and oppofite Angles are equal ; 
but has neither equal nor Right- 
Angles ; as G. 

All Four-fided Figures, which dif- 
fer from thofe before mentioned, 
are called Trapezi*, or Tables ; as H. 
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Parallel, or Equidiftant Right- 
linesy are fuch as being in the A, 
lame Superficies, if infinitely pro- 
duced, would never" meet ; as A B 

and B. 
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A Parallelogram, is a Quadrilateral Figure, whofe op* 
pofite Sides are Parallel, or Equidiftant; as G. 

in a Parallelogram ABCD, when a Diameter AC, 
and two Lines EF, HI, parallel 
to the Sides, . cutting the Diame- 
ter in one and the lame Point G, 
are drawn, fo that the Parallelo- 
gram be divided by them in- ~ 
to Four Parallelograms ; thofe 
Two, D G, G B, thro 7 which the Diameter paffedi not, arc 
called Complements \ and the other Two H E, F I, through 
which the Dumster paffeth, the Parallelograms /landing about 
the ^Diameter. A 
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A Problem, is, when fotnething is 
or ""* 
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to be done 
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A Theorem is, when 

By Demon/troth* is underftood the higheft degree of 
Proof that human Reafon is capable of attaining to, by 
a Train of Arguments, deduced or drawn from iuch plain 
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Axioms, and other fefcevident Truths, as cannot be de- 
nied by any One that confiders diem. 

* 

A Corollary, is a ConfeHary, or fane conftquent Troth 
gained from a preceding Demonftration. 

A Lemma, is the Defnooftration of fome Premifs laid 
down, or propofed as a Preparative to obviate and Shor- 
ten the Proof of the Theorem under Confideration. 

i}LA Scbolhtm, is a brief Commentary, or Obfervation made 
upon feme precedent Dhcourfe. 



Postulates or Petitions.: 

That a Right -tint may be drawn from any oae given 
Point to another. 

That a Right-line may he Produced, fncreafed, or made 
Longer, from either of its Ends, 

» * 

That upon any given Point (or Centre) and with any 
given Di/tance, (vtz. with any Roans) a Circle jmay be 
Oefcribcd. 
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AXIOMS. 

Quantities equal to the lame Third, are alio equal one 
to me ether. 

As A = B ^ C. Therefore A = C Or therefore A, 
B, C, are equal the one to the other. 

Any Quantity that is left or greater than either of two 
equal ones, is alfo left or greater than the other. 
As C "3 or r A* and Ar=B. Therefore C"^ or c"B. 

If of two equal Quantities the one is greater or Ids 
than a Thiol) the other (hall be alfo greater or lefs than 
fihtt Thirai. . 

As AsB, and A±* o» -aC Therefore B c- or "^C. 

A Quantity is equal to another Quantity, when at is nei- 
ther greater nor. Ids than chat Quantity. 
As A = B, when it is neither c nor ^B. 

^ A- Quantity is greater than another Quantity, when k 
is neither equal nor lefs. 
As Ar B, when it is neither = nor "a B. 

A Quantity is lefs than another Quantity, when it is 
neither equal nor greater. 
As A"=> B, when k is neither = nor c- B. % q , , 

Quantities jthai fffe double each of the iame Quantity, 
or of equal Qyaptift^s, ^re equal among themfelves. 
As A = 2 Q and B = i C. Therefore A =B. 
Undcrftand the fame of Triple! Quadruple, i$c. 

Qjianti- 
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Qyantitfe* tfsar are ead* one haft" of the lame Quan. 
ity, or of equal Quantities, are equal among ghemfelves. 
As A = ^C, andB = {.C. therefore A = B. 
Underftand the fame* of Subtriple, Subquadrijple, &c. ■ 



£1 If the Roots of any two Quantities are equal, 
Squares are al(b equal. 
As A =B. Therefore AA = BR 
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If,the Squares of any two Qjjamitjes; are equal; their 
Square Hoots are alfo equal f 

As A A = B B. Therefore A = B. 

If to equal Qtanti^s y*» a# a&d QnMntji|es, their 
Sums will be "equal. | 

Thus 6 q*K5. A*4 d if* 3,*= *& tsts'9. ! | 

1 2 1 If from equal Quantifies, you febtraQ: equal Quantities, 
.Arir Remainders win be equal. 

Thus, 6^6. And $ — 3 = 6 ~ 3^= 3. ! 
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If equal Quantities, be multiplied by equal Qpantites, 
their Produ£fe wiH be equal. A 

Thus, 6 = 6 and 6x3 = 6x3 = * 



is. 
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rfequalQuantities, hefjivifledby tguaj Quafntitjes, their 

Quotients ,w$ he >equal. ., • . 

Thus, 6 = fi. As4 $ ^ 3 a* + ) — a. 
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15I If tP uoeq»al Quaatojios r yfeut a<ld equal Quantities,, 
their Sums will be unequal. 
1* i Thus, S.tri^' (And' 8 -f- a =t ioy is c- 4 -J. 2 ^ 5. . 
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If from unequal Quantities, you fiibtra& equal Quanti- 
ties, their Remainders will be unequal. 
Thus, 8 c 4. And 8 — *=i5, isc-4_» = i. 



Part. 
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s, the whole Line AB, is greater than its Fart AC 
The lame is to be underftoodof Superficies and Solids. 



18 Every whole is equal to all its Farts taken together. 
1 Thus, the whole line AB, is equal to all its Farts 
AC-f CB. 
The fame is alio true in Superficies and Solids. 
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vluch every way agree, are equal. 

* 

two Lues being placed one upon die other- 
do fc> agree, as that all die Parts of the one correfpond 
exa&y to all the Parts of the other; fo that neither fur- 

?affes (or >is greater or Ids than) the other, thole two 
jnes are equal. 

The fame may be faid of two Angles, of two Surfaces, 
or of two Solids, when one being placed upon the other, 
or fuppofed to penetrate the other, neither of them fur- 
pajfts the other. 

Two Right-lines cannot comprehend, (or include^ fpace, 
or conftitutca Figure. 

i For it is evident, that two Right-lines meeting one 
another, can only make an Angle, which is not a Figure. 

All Right-Angles are equal to one another. 

This follows from the Definition of a Perpendicular, 
which fuppofes, that it makes on die Line on which it 
fells two eqqal Angles, which we call Right-Angles. 
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Thus 
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If a Right-line B A/fifag l oh "iNfro iight-lines AD, 
CB, make the internal Angles * 

on the fame Side, BAD, ABC, 
lefs than two Right-angles, thofe 
two Kiglit-lines produced fh'atl 
meet on that Side, where the ,. , 
An&tes ire lefs than 'two Right- ~S 
angles. 

Of Tracing the Steps lis'H m "bringing Quantities to am 

^Equation. 

tfhe K&flidd 6X* tracing the Steps, us'd in brineige 
Quantities to an jEq&atiox, is beft perform'd by iCeFittring 
the feyeral Operations with Figures and Signs placed in th» 
Margin of the Work, according .as the -fcveral Operations 
require. • . c 

For Inftance-, If k were reqftir'd to fet do^n, and re- 
gifter the Sum of the two Qiiantfck* A, and B, the Work 
will ftand, 



A 
B 



A + B 



Firft fet down the propos'd Qiiantiries, A and 
3, over-agafcift the Figures i, r 9 in the fmatf 
Column, which are. here called Steps, : ahd againft 

3, (the third Step) fet down their Sum, viz* 

„A-f B. Then agafoft that third Ste^ fet down 
1 + 2 fn the Margin j which denotes that the Qutnti* 
ties againft the firft and fecond Steps are added together, 
and that ttibfe in the third Step are their Sum. 
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Thus 



t» + * 



Thus 



x 

2 



To illuftrate this in Numbers, fuppofe A 

3» 

Then k will be, 
\ — 6 



6, andB 



■M 



A-fB = 6-l-3=:j». the Sum of 6 and 3. 
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Again, if it were requirM to let down their Difference 
Then it will be, 
A = * 
B = 3 
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Thus 1 x 

2 



Thus 
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A — B = 6 — 3 = 3- the Difference between 6 and 3- 

Moreover, if it were requir'd to fet down their ProducV 
Then it will be, 
A = 6 

B=3 

A x B = 6 x 3 «= 18. the Produ& of * into 3. 

L4?/y, if it were requir'd to let down their Quotients 
Then it will be. 

A = 6 
B== 3 



mm 



A 
B 



2. the Quotient of 6 by 3~ 



Addition of Algebraick Integers- 

CASE L 

If the Quantities are alike, and have like Signs r add 
the Co-efficients or prefixed Numbers together ; and to their 
Sum adjoyn, the Quantities with the fame Sign. 

EXAM 
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Thus 
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BXJMPLES. 



4-iA 



iA 
iA 



5B 
8B 



7BO jA-f-n 
loBCl * A 4- 6 






-f-2A| ~2A[ 13BI ^i7Bq-yA + i8|itY+53f^7 



The Reafon of thcfe Additions will appear, if we con- 
Cider that if to 1 A, which may repretent one Crown, 
be added 1 A, or one Crown, the Sum will be 2 A, or 
two Crowns j alio if to — 1 A, which may reprefent the 
Want or Debt of one Crown, be added — 1 A, or the 
Want or Debt of another Crown, the Sum will be— aA^ 
or the Want or Debt of two Crowns< 

CASE H, 

If the Quantities are alike, and have unlike figns ; fu6» 
trad the Co-efficients from each other, and to their Dif- 
ference joyn the Quantities- with die. Sign of the greater 
Quantity. 



&XJMVLES. 



A! -5 A 
A|+3A 



o| — 2 A 



3BC 

sBC 



7A—5B! L, 7 ABD+iy: 
3A+7B 1 H-9ABD — IX 

4A4-2B j 2ABD4^1 



The Reafon of the Operations in this Cafe will be 
eafily underftood, if we confider that to add a Negative,, 
is to take away a Pofitive ; therefore to conned a Ne- 
gative and a Pofitive, is to make the one to deftroy the 
pthtn. 
t Thus*. 
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¥km,$f >Ai*s*o«J. and owes 400/. r ti$ plain that 
the Sum, or his wortn is but aoo/. 

And if A has 600 h and owes 900 *• *hen die "Worth 
i — #x>l. xx jooJ worfe than Nothing. 

CASE in. 

V/hen the Quantities are unlike, f« them all down with- 
out altering their Signs. 



Thus 1 1 

2 
I + 2 I 3 



E X A MV t B $. 



4 M 



A 
_B 



I 



6C + 7DC 
4A 



jX-fY+Z 
B 4-C— M 



£ 



The Iteafon of the Operations in this Caft will ap- 
pear if we iuppofe M to rcprefent Miles and H Hours ; 
for 'then 4 M -\- 5 H, that is, 4 Miles added to 5 
Hours, will make neither 9 Miles nor 9 Hours. 

SubduBion of Algebraick Integers* 

General Rule* 

Change all the Signs of the Subtrahend; (vix. ofthofe 
| Quantities which are to be fubtraded) or fuppofe them 
in your Mind to be chang'd. Then add all the Quan- 
tities together, as before in Addition, and their Sum 
1 wfll be the true Remainder or Difference requir'd. 



EXAM* 
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Thus 
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EXAHVLES. 



' 



+A f -B I Y| -X . 

4-A I -B I — 1 : 1 X 

A-At-B-MH Y-fll — ri3a 2AA-6A4.Q 



3 A A — ~$A4*7 
_AA + A — 2 







*X 
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Tbtt Reafen of this Qmrd Rule will appear, if we 
confider. 

tf« That if t Pofitive be taken from its Pofitive, that is, 
1 4- A from -f A, tha Remainder will be o ; fince to take 
away «he AflSmiarirtn of any Quantity A, fc to make it 
Negative, or -. A ;io that die one will deftroy the other. 
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That* if a Negative bo taken from its Negative, that 
is, — B from — B, the Remainder will be o>; fince to, 
take away die Negation of any Quantity B, is to make 
it Affirmative, or -J-B.; fo tnat die one will- deftroy 
the other.. 

That if a Negative be taken from its Pofitive, that is, 
— Y from -}- Y> the Remainder will be double of that 
Pofitive, viz* a Y •, fince to fuhtra& or take a way a Pri- 
vation or Negative, h to add that very Thing the Pri- 
vation of which you take away.. 

. That if a Pofitive be taken from its Privative, that is, 
4-X from — X, the Remainder will be double the Pri- 
vative One, vis% — 2 X ; fince by taking away a Pofitive 
One, there . necegaruV arifes .a. new Privation, which' will 
double . that you had before. . 
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Multiplication of Algcbraick Integers. 

CASE I. 

When die Quantities have like Signs, and no Co-effi- 
cients, fet or join them together ; and prefix the Sign -^ 
before them, and that will be their Produft. 

EXAMPLES. 



Thus 



IX* 



I 

Z 

3 



A 
B 



AB 



-A 
_B 



+ AB 



A-fB 

D 

AD4-DBI 



A— B 1 A4-R 
D 1 R 

A£> + E>B AR+RR 



CASE II. 

If there be Coefficients ; multiply them, and to their 
Product adjoin the Quantities fet together as before. 

EXAMPLES. 



Thus 



1X2 



i 

2 

3 



JA 

3B 



15AB 



6D 

7 B 



3A+ *B 

6 



2A4- 5R 
3R 



+ 42BD|i8A+iaB|gAR4-i5RR 



A + B 

8B 



8AB-f 8BB 



The Reafon of thefe Operations will appear, if we 
confider that to multiply an Affirmative by an Affir- 
mative Quantity, is fo often to repeat the Affirmation 
ot it) and coniequently + into -f- will give ~\- in the 
Product. 

But 
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But, to multiply a Negative by a Negatire Qjiantity, 
is fo many Times to deny that Negation* i 

And ib maay Times to deny the Negation oi a 

Thing, is fo many Times to affirm that Tiling. . 

* 

Therefore — into — will give -\- in the ProdiiS. .- 

-" * - — - . ™ "■ 



CASE III. 

V 

When Quantities have unlike Signs, join them and 
the Produd of their Co-efficients together, (as before) 
but prefix the Sign — before them. 

4 

■ 

EXAMPLES. 



Thus 



i 

2 



* x 2 3 



B 



AB 



— <5D 

+ 7B 



-ajBD 



4A 

3F 



7 B 



A-B 



— 12AF— ri BFJ—AC—'BC 



A+B 
-C 



AC— BC 



The Reafon of thefe Multiplications may be eafily 
understood, if we confider that to multiply an Affirma- 
tive by a Negative, is fo often to repeat the Negation 
of it ; and confequently — into +, or 4- into — , will 
give — in the Product. 

Note : If the Multiplier confifts of feveral Terms, then, 
every one of thofe Terms muft be multiplied into all 
.the Terms of the Multiplicand : And the Sum of thofe" 
particular Produ&s, will be the ProducV requirU 
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i xA 


3 


JX-B 


4 


3+4 


5 


■ 


• 



Thus 



JTJ 



EXAMPLES. 



A+ B-I> 
aA+AB-aO 



AB-BB-fBD 




A A-AD-Bft+BDUi AB+ 1 ff AP 



i s DP 



i 

2 

3 



VfPtfion of Algebraick Integers. 

CASE L 

When the Qpntitie* in the Dividend, hate like Sign* 
to thofe in the Diviibr, and no Co-efficients in either; 
caft off or expunge all the Quantities in the Dividend, 
that are like thole in the Divifor; and fet down the 
other Quantities with the Sign -J. for die Quantities 
requkM* 

E X A MP LES. 



AB 

B 



— AB 
— B 



AD+BD! — AD — BD1CXXXZ YYY 
D 1— D 1 Y 

A+B 1+ A + B 1 




CASE II. 



When die Quantities in the Dividend, have unlike 
Signs to thofe in the Diviibr ; then fet down the Quo- 
tient Quantities found as before, with the Sign — be- 
fore them. 

EXAM 
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Thus 



M-MBf 
- B 



'!** 



' 
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EXAMPLES. 



— AB— BD \ ABC+BCD , Xt4-£X 
+B [-BC l-X 

J - ' -X-t 



.ft t^A ~D 1 



M* 



case m. 

If die Quantities in the Dividend and Divifbr, 
Coefficients j divide the Numbers (as in common Arith*- 
metick) and to their Quotient adjoin the Quotient QuaiK 
titles. 



Thus 



i 

z 



EXAMPLES. 



15AB 
5B 



^: j rx = 



9BC I 41 DB 

5>BC — 7B- 

- — - * - * - 



ixAF— «BF 

3* 



AB 
AB 






>■ ■■ 1 .. j ^— ^— «^^ 



CASE IV. 



When the Qyaaatks in the Diviibr cannot be exactly 

found in the Divktaod ; then fet them both down like at- 
Vulgar Fraftwa.. 
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Thus 
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t». 












Euclid's Element*, Book E 



1 

3 



UXAMTLES. 



A itfBC 
£ 



jB-j-AA 



B 



6EZ 
3D 



5 B+aA 



8ADC iXX+YY+Z 



3g yP~^^ C UABC IgB-l-iD 



iD + yC 



8Ai)C jX3C+V^4-^ 



Mi^i 



4ABC I jB4-aD 



Divifion being the Converfe of Multiplication, the Truth 
of thefe Operations will appear, by multiplying each Di- 
vifor into its refpe&ive Quotient, which (according to 
the Rules laid down in Multiplication) will produce the 
rk: •• 1J ~*' , As in common Aritbmetkh 

Involution of Quantities. 



A Quantity multiplied into 
Times, is {aid to be InvcVd 
called Powers, and the ~ *' 



4: 



•n-* • x *** 



it felf any Number of 
*~ "TroduQs arifing arc 
ultiplied, a Root; 




Here A is the Root or firft Power ; A% A', €jfc. The 
Second, Third, &c. Powers of it. 

Involution of Compound Quantities is perfbnn'd in 
die fame Manner, due regard being had to their Signs 
and Co-efficients, if there be any. 
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i x A 
i x B 

*+ 3 
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Alfo 
e. i. i. 



\ For Inflance, 



n 



2 

3 
4 



volv'd to the iecond Power* 




AB 
AB-f BB 



AA-faAB -)- B B the Square of A -f B. 

Note. I would advife the Learner, to make himfelf tho- 
roughly acquainted with the preceding Definitions, Pof- 
tulates, Axioms and Algebraick Jrithmetick ; as %Ub with 
the Definitions prefect to the fubfequent Books. 

» 

PROPOSITION t 



3 



[7jpa» 4 ^tf** BJght-liM A B, ro defer tie an Equilateral 
Triangle ABC 

PREPARATION. 

% From the Centers A and B, at the Diftance- of AB, 
'or B A, defcribe (toft. 3.) two Circles cutting each other 
in the Point C j from whence draw (Pofi. 1.) two Right- 
lines CA, CB. ' ; 



1 fey, a»=»c=ac 

DEMONSTRATION 



AB=BG Def.\6. 
AB = AC. Def. 16. 

G z 
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At a Toint given A, to make a BJght-U 
to a Right-line given BC 

PREPARATION. 



AF, equal 



Draw ($oft. i.) the Right-line AB, and upon it de- 
fcribe (i J an Equilateral Triangle A B D. With the Radius 
BC, defcribe (fo/i. 3.) the Arch of a Circle ICEK, 
and produce (fq/7. 2 J DB to the Point E, in that 
Arch. With the Radius DE, defcribe Q?o/?. 3 .J the Arch 
of a Circle GEFH, and produce (foft. 2.) DA to the 
Point F, in that Arch. 

t 

DEMONSTRATION. 



And! * P A 
r ^2 3 D F 
11 * 'AF 



Alfol * j!*C 



DB. Co#?. 

DA = DE — DB. Jku 1U 
BE. 

BE. W- 16, 
:#C. -4*. 1. QsE.F.&D. 



PROP. III. 




■ Two unequal Right-lines leing given, to cut off Jft» 
* he greater A B, a Part A F equal to the kjfer C D. 



PRE- 
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PREPARATION. 



*S 



Draw (a.) from the Point A, the Line AE = CD, 
and with the Radius AE, ftfcribe (foft. 3.) the Circle 
GFEH. 



Alfo 
v e. 1, i. 



1 &y> a#=CB* 

DEMONSTRATION- 

« 

1 AF = AE. Def. 16. 

2 CD = AE. Conft. 
I jgjf as C fc. Ax. 1. Qt E. F. & D. 




PROP. IV. 
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> 



Jf two Triangles A B C, D E F, have two Sides of the 
one C A, C B, equal to two Sides of the other F D, F E, 
each to its correfpndent Side (that is, CAi=FD, and 
CB=FEJ and have the Angle C, equal io the Angle F, 
comprehended letween thofe equal Sides ; theyjhall have the 
Bafe A B, .equal to the #afe DE j and the Trifngle ABC, 
fiaU te equal to the Triangle DEP^ and the remaining 
Andes AjB,JbaU be equal to the remaining Angles D,E, 
each to each, under which the equal Sides are fubt ended. 
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For i 
Then i 
e. 2.1 3 
Alfol 4 
v c 4.I J 

.* C. 3. J.I 6 

e. 6.\ 7 
8 









B D 



If A ABC be placed on ADEFv 

C A being = F D. Hyp . " /* ' 

The Point A will fell on D, the Point C on F, • 

LC being = LV, CB = FE. Hyp. 

CB will M on FE, and B on E. 

The. Points A, Q. B, will fall on D, F, E. 

A B will fall on DE . Jx. 20. 

a#=3&<r* Aa»<t=A»c#. z.a=z.». 

/_# = LG, Jx. 19. Q; E. D. 



PROP. V. 



The JngUs CAB, CB A, at the Bafe of m Jfofceles 
Triangle ABC, are equal one to the other : And $ the 
equal Sides CA,CB,w produced, the Jngles A B E, B A D 
under the Bafe JhaU le equal one to the other. ' 
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Euclid's Elements. 



PREPARATION. 



27 



Take (3.)CD = CE; and (fcft.u) join BD, andAB. 



• • 



And 

I 2 

i. e. 
Again 
e. 2. i. 5. 
• v e» £.- 

Alfo.c.4.7. 1 

v c. 8.|p 

Alio. e. 8. 

Laftiy e. 7. 

w — 10. 

i.e. 

v e.13.^. 
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DEMONSTRATION. 



CD=CE.. C«#. 

CA = CB. Conft* 

CD — CA=CE - CB. ^„ 12.. 

AD==B"E: 

LQ is common. 
tCA = CB, CE = CD, ZXis common. 
AE— BD, £E=ZD, £CAE= Z.CBD.4- 
BE = ADjAE = BD, Z.E. = Z.D. 

£ ABE=Z.BAD. 4. j_ 

= Z.ABD. 4. 
= /LCBD. • : • 

- /L&AE= ZlCBD — £ ABD. ^r. m.. 
:£CBA. 

= z.caa& ^a#e=A#aja &£.£>.. 



Z.BAE 

^CAE 
L CAE 
Z.CAB 

Aca-» 



COROLLARY. 



Hence, Every Equilateral Triangle is alfo Equianjular.-. 



' • • r . 



BE*- 



. 
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Ijucud's Elements. 

PKOP VI. 



Boot I* 




V tw* Andes ABC, BAC r tf* a TriaiqU ABC, It 
equal, the one to fix other, the Sides A C, B C, fubtended 
under the equal Angles, jball alfo be eytaL 

PREPARATION. 

If A C be (aid to be greater than B Q make ( 3. ) 
AE = BC, if lefc, make ( 3. ; BD = AC, and draw 

(fofi. x.) AD, BB. ' 
v 

I fey, &€='&€• 
DEMONSTRATION. 



If AG wasC"BG. 

A.B being common, A E = B C, L B A C 

A A BE would be == A A BC 4. 

A ABET A ABC- J*. *7- 
A C is not C B C 
If AC was~iBC 




l^R. 



L AfeC Gmft. 



AB.being conanDn,BDraAC, L ABCs=Z.BAC. CSwjfc 

A ABD would be = A ABC. 4. 

A A B D~l A KBCAm. 17. 

A C is not ~1 B C. 

A C is neither ET «or ~3 B C. 

i£=#c. "^.4. &£.&. 

COROLLARY. 

Hence, every Equiangular Triangle is alfo Equilateral. 

* 

iVfrff. We fhall here omit the Seventh Preoption, as 
only ferving by Way of Lemma to the Eighth, which 
mav be demonftrated without it. 

1 PROP. 



£od£ C 



Euclid's Elements^ 



2* 



P R © P. VIII. 



i r 



• * f •' 



- u 



jf «r two ZVMqgfo A B C, A B D, the two Sides A C, 
BC, of the due, be equal to the two Sides AD, BD, of 
the other ^ each to its correffonient Side (fl)at.is y AC = 
A D, and BC— BD) and the f Bafe AB be 'common to 
to them both) ixhich is the fame as to have equal Bafes ; 
then the Angles contained under the equal Sides (hall he e - 
^vk.^.ACB=i1AI>B>£CAB=Z.DA.B,^CBA 

• ( -i-p-kfiyA'R : .A-T.I«-NJ. | 

From the Point C, to the Point D, in tlie Acute, Right; , 
and Obtufe-Angled Triangles A.BC, ABD* draw (foft. i^ 
the Right-line C D. < j 




*» • 



&r - : 




« » 



ve. i. 

Again 
v e. 3. 

» 

Laffly 

e. 7 
^ v c* 69 8. 



1 
2 

3 
4 



— a 



D !D 

DEMONSTRATION 



l.i \ 



x. v 



z,acd=z.a6c..*. 

feC^B4kj&v ' 

/LBCD=Z:.BDC..y. :'■ 

ay,e.i. 3 ^; v ac=:Ad; bi:='b:d;2,acb=^ad ! i b.. 

••- - 8 U.CAB=Z.DAB,/.CBA=Z.DBA.i4.J 

=Z.^»0|. & E. P.. T • ~~ 

L PROP. 






So 



v t. 1. 1 a 
i.e. 1 3 



Euclid's Element* X5ook I. 

• PROP. IX. 

To divide m Angle ABC, into two eftud Tarts, or 
Angles ABD, CBD. 

PREPARATION. 

Take (3.) BE = BF, and draw (foft. 1.) the Line EF; 
lpon which make (1.) an Equilateral Triangle EDF, and 
dray (fcft.i.) the Right-line BD. 



I lay, Z.a#3&=^C#». 



DEMONSTRATION. 



«. 




BE = BF, DE=DF, BD is common. 

Z.BBD=Z.FBD. 8. 
L%#m=L<l'»&. Q»E.F.&D. 

PROP. X. 



Conft. 



To Bife& a RightAine given AB. 

1 

w 

PREPARATION. 

Upon the line given AB, ccecVff J an Equilateral 
Triangle A B C j and (9.) Bifeft the Angle C, with the 
Right- line CD. 



mm^** 



Book I 



» » 



Euclid'* Elements 



3i 



I fay, aj&=sj&}&; 



.* e. i. 



DEMONSTRATION. 






AC: 

3& 



B C, D C is common, Z.ACD 
= »#♦ 4. Qt-B. F. & D. 

PROP. XI. 




B 



D 

Z.BCD. Conft. 



From a Point C, in a Rkht-lint riven A R ** ~*n - 

PREPARATION. 

Take f3v> on either Side of the Point given, CD— CE • 
Triangle DBF, and draw (foft. 1.) the Right-Se CF 



I %> Ctf fe «X 



vci. 
•e. a. 



DEMONSTRATION. 



1 

2 

3 




CD = CE, DF = EF,CF Is common. Qonfl. 



Z.DCF=Z.ECF. 8. 
Ctffca±. ^ 10, Q.E.F.&D. 



1 
\ 



PROP. 



3 2 






Euclid's ELBMEKts. 



Bo oft 1 



PROP. XII; 



Upon an Infinite Right-fine given AB, front a .„..„ 
given C, */b<* w not in it, to let fdl a PArfendicnlar 
Right-line CF. 

PREPARATION. 



From the* given Point C, defcribe (fojh 3.) a Circle 
cutting the Right-line given A B, in the Joints D and 
E : then <io.) lifea DE in F , ana draw Q# 1 J *» 
Right-lines CD, CF, C& 



I fey, Ctf fc-« X- 
DEMONSTRATION. 




xlCDsiCE. D*£ 16. 
Anrfl a ID F = F E, C F is common, Conft. 
-e 1 a 3 CD=CE,DF-F,E,CF is common. 



ve.3.1 4 
ve. 4. 5 



/ DFC==Z.EFC 8. 
CtffeaJU *¥•">• Q.E.F.&D 



.Jfefe. 



• • • 



r 



1 



Book I 



.Euclid's Element*} 
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i 



* 



idly 



Ufy 



t i 



4 



Aitf*. In . ordet to fhortcn feveral of the : following 
Demonftrations, it will be neceflary to premife thus 
much. 

« 

« 

That the Periphery (or Circumference) of etery Circle 
(whether Great or Small) is fuppqfed to be divided in- 
to }^o equal Parts, called Degrees. 

• , ■ 

That all Angles are mcafiircd by the Arch; of a Cir- 
cle defcribed upon the Angular Point, and are efteemed 
Greater or Lefs, according to the Numbtr of Degrees 
contained in that Arch. 

* • 

That a guadrattt, ot £gwt& Burt, off wiy Circle, is 
alwkys ==• 9»' Degrees,, being the Meaiiute of a EUght- 
angle ; and that a Semi-circle is = i8o° Degrees,' being 
the : Me^ut e & *w° Bdglit-acgles ; alfo thao equal Arches 
of a Circle, or of equal Circles, meafure equal Angles. 

prop, xni. 

r. If ere R%bt4ifit DC, fdl on. another KigU-Une AB, 
fa ipill. make imih it two BJght-angks, or two oAngles 
quak iff* twot Rigftf^angte* 



' Al_ 




K 



PRE- 
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, 



And] 

:i-f- a 

Alfo 

v c. 3. 4. 



3 

4 




Euclid's Elements Book £ 

_ - — -•» 

PREPARATION. 

If the Angles E, F, be equal, then (Def. 10.) they 
make two Right-angles ; if unequal, then from the Point 
C, defcribe any Semicircle. 

I fay, L€+ L$=itL*. 
DEMONSTRATION. 

Arch AD = Z.E. 

ArchDB-= AF. 

Arch A D+ arch D B = LE + Z.F. Jx. 

Arch AD4-archDB = xrZ.'. 

L<£+Lf3=*VL'. Jx. 1. Qs E. IX 

COROLLARIES. 

Hence> If Z.F = 9o\ then Z.E=fo # . but if Z.F be 
Obtufe, or C" *©•• then £ E will be Acute^ or ~3 $o\ 

If feveral Right-lines (land upon, or meet with any 
Right-line at one and the lame Point, as C, all the An- 
gles taken together will be = »rZ, •>«*«» 180% 

PROP. XIV. 

If two Lines CA, DA, meeting together at tie fame 
Point A, of another line A B, make with it two Angles 
CAB, BAD, equal to two Right ones ; they will make 
one firaight lane* 

PRE> 
I 



"»-"l 



Book 1* 



v e. i. 
v t. 3. 



I 



I 

2 

3 



Alio 

VC.I.2* 

Again 
vc 5.3. 
tf — Z.F 
v c. 4. 7. 



Euclid's Eleme^t^ 95 

preparation. 

From the Center A, defcribe a Circle CBDE. 

1 fay, ca© 10 a toafefte Hiire, 

DEMONSTRATION. 

Z-CAB+Z.BAD = arZ.». Hj?. 
Arch CBD is a Semicircle. 
CAD is the Diameter. 

€$& tt ft fffltffl&t Hide. d# 17. QE.D- 

PROP. XV, 

If two Lines A B, D E, interfeS or crofs each other, tbf 
two opfojfte Angles a the Vertex will be equal. 

That is> Z.e = ^tf- L&= L C. 



demonstration: 




Z.F+Z.C = ar^*. 13. A 

LG + L C= £F-f- Z.C Jx. i. 
Z.G= Z.F. ^. 1*. 
£K4-Z.F=arZ/. 13. 
Z. K+ LX—LV+LQ. Jx. 1. 

L<B=Lf. L%=L€. Q»E.IX 




B 



COROLr 
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Euclid's Elements." 



Boor I. 



» % 



COROLLARIES. 

Hence, Two Right-lines eroding each other make An- 
gles equal to four Right. 

m 

All the Angles made about oae Point make four Right. 

t 

SCHOLIUM. 

If four Right-lines EA, EB, EC; EjD, proceeding 
from one Point % make tfce ; Angles . vertically. qgpofite 
equal the one to the otfrer, ,eacK two Lines,. ABj.E B, 
and CE, E D, are placed in one ftraight. Line. 



That is, aij5» €<&&, EVt 
DEMONSTRATION. 




,i , A.A E C =s' Z.B iS D. Hyp. 
Andl* rZ.CEB= Z.DEA. Hyf. 

1 + 2U UAEC4-Z.CEB=ilBED,-f£DEA t ^.ii. 
-flgalii 4 U:Afi€-fZ.CEBrf^BED-fz.DEA=4ri\C*r.2.ij. 
1 ^BED+2LDE.A=4rZ.«-£BED^^DEA.. J».il. 



4—3 

5+ZBED 
6 -t- L. DE A 

7-r* 

ve.8. 

La%,e.8.2. 

ve. 10. 
♦• e. 9, 1 1. 



« • 



5 
6 

7 
8 

9 

10 

11 
12 



2Z.BED 
2ZIBED 



Z.DEA^rZ.'-^DEA. Jx.iu 
a /IDE A =4^'. ^, 11. 

/iBED-j-ADEAr^irZ. 1 . Jx> 
AEB is a ftraight Line. 14. 

£BED+Z_CEB=*ri/'..&& 

CED is a ftraight Line. 14.' , 

ac#, CCA aw fivafe&e %im& c^E}D. 



prop. 



Book I. 



And 



• • 



e. i. 2. 3 



i 

z 



V C. J. 

But 

ye. 4. 5. 

i.e ; ! 

v Again 

And 

v e. & 9. 

v c. toj 

But 

ve.ii.i2. 

Now. 

/e. 13.14. 

i.e. 

e. 7. i(5* 



4 

6 

7 
8 
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Euclid's Elements. 
prop. xvi. 
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. • 






o 
I 

2 

3 
4 

5 
6 



fc£ 



A B, one of the Sides of a Triangle ABC, being pro- 
duced, the exterior Jngle C B D, is greater than either of 
the interior or oppqftte Jfigles A C B, C A B. 

PREPARATION. 

Make (10.) CE = EB,AG = GB, and drawing the 
Lines AE, CG, and extending them to F and H, fo 
that AE be = EF, and CG = CH, join BF,BH,and 
extend CB to I. 



I fay,£ CB&CT L MtoovL C9£* 

t 

DEMONSTRATION. 



A E =E F, CE= E B. Conft. 
Z.AEC=/LBEF. iy. 

AE=£F,CE=EB, L AEC= L BEF. 
Z.ACE=Z.EBF. 4. 
Z.CBDC"^-EBF. >**. 17. 
Z_CBDC"^ACE. Ax. 2. 
Z-CBDC^-ACB. 
CG = GH, AG = GB. Conft. 
Z_AGC=Z_BGH. 15. 
CG = GH, AG=GB, Z.AGC 
£CAG=Z_GBH. 4. 
ZLGBIC^GBH. ^. 17* 
2LGBIC"^CAG. J* a, 
2LGBI==Z.CBD. 15. 
Z-CBDCT^-CAa ^*. 3V 
Z.CBDC"^CAB. 

Z-Ctf^tT^aCfc ° r ^C8#. QjE.D. 

JU t 




Z.BGH. 



PROP. 
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Euclid's Elements. Book I.' 

f 

PROP. XVII. 

Two Angles of ay Triable ABC, which way fc 
they are taken, are fefs that two Right^ZglesT* J - 

PREPARATION. 

Produce the Side A B both ways. 



DEMONSTRATION. 



'i + AABC 
But 
VC2.3.I 

Again 

5 + L BAC 

But 

v e. 6. 7. 

Laftly 

9 +L ABC 

But 

ve.io.ii. 

•.■c.4.8. 12. 




Z.ABC+2LBAC-32rZ.'. ^* i 

Z.C1Z-CAE. ,5. ^* 2 - 



1 £BACT£CBD. i*. g ^/ \B_ D 

3 '/lABC+Z.CBDi. a r?- ti ^ 1Jfc 

5 

7 
8 

9 
10 
11 
12 

13 



£BAC 
Z.BAC 



Jx. |y v 



«/&". 1 j. 



Z.BAC+ ZX^zr/... Ax ?l 

f£d' Z - ABC '^^CBD + Z.ABC 
£CBD+Z.ABC = =arZ.T xV 

£83SC + Z.#aCor £»«€+£€ or Z.tf-4-/ a 

COROL. 



JBoonc I. 



f 


1 


v e. i.l* 1 
Alfo 3 | 


ves2. 3. 
But 


4 
5 


*.* e. 4» ?• 

Again 

v e. 7. 

Alfo 


6 

7 
8 

9 


v e. 8. 9. 

• But 


10 
11 


ve.10.11. 


12 


'/e.& 12. 
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Euclid's Elements; 
corollaries. 



3* 



I 



Hence, In every Triangle, wherein One Angle is either 
Right or Obtufe, the two others are Acute Angles. 

All the Angles of an Equilateral Triangle, and the 
two Angles of an Ifofceles Triangle that are upon the 
Bafe, are Acute. 

PROP. XVIII. 

I The greateji Side A B, tf every friangh ABC, fith 
tends the great eft Jngle ACB. 

PREPARATION* 

From A B, take (3^) AI>= AC, Bfi==BC and join 
CD, CE. 

I lay, . Z.ac»'rZJ5« L%. 



DEMONSTRATION. 



AD = AC Conft, 
iADC=Z.ACD. j. 

/ladcct^b. 16. 

^.ACDCT^B. Ax. 3. 

LACBCLACD. Jx. 17, 

L ACB is much FT" /LB_ 

BE = BC. Coftft. 

£.BEC = Z.BCE. 5. 

^BECfT/lA. i<?. 

Z.BCECT/.A. ^. 3. 
Z.ACBC"£BCE. ^.. j 7 ; 

Z.ACB is much G" £-A. 
L&€XC L7& or L& Qs E; D. 

L 2 




PROP. 



4* 



Euclid's Elements. 



prop. XIX. 



Book 1 



For 

Then 

But 

Alfo 

Then 

But 



• • 



.* e. 4. 8. 
v e. 9' 

Again 

Then 

But 



1 
2 

3 

4 
5 
6 

7 
8 



In every Triangle ABC, vnier the gresteft Jngle C, 
is fubt ended the great eft Side AB. 

That is, a#C'aC or *C. 



iS. 






Alfo 

Then 

But 



• • 



ve. 14.18. 

v e.19. 

v-e.10.20. 



DEMONSTRATION- 



If ABwas = AC. 
LB would be = LC. 
LB~jLC. flyf. 
A B is not = A C. 
If A B was TAC 
/LB would be C^ { 
LB~3LC. i#f. 
A B is not ~i A C. 
A B is neither = nor -3 AC 
A B C" A C. Jx. y. 
If AB was =BC. 
LA would be = 
LA~iLC Hyp* 
AB is not =fiC 
If AB waslBC 
LA woald be C* L.C. 18. 
7\LK~l LC &yf. 
AB is not ~jBC 
A B is neither = nor ~~i B C. 
ABCBC. Ax. 5. 

aj&irac or jec. o, e. d. 




1 

x 

3 

4 

5 
6 
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9 



LC, s 



20 
21 



PROP, 



Book I. 






• VC I. 

But 

V C. 2. 3. 
VC 4. 

i.c 
«. c 1. 6* 



1 

3 

3 

4 

5 
6 
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Euclid's Elements. 



prop. xx. 



4* 






yf any Triable A BC, Jaw Sides any way take*, an 
..eater than that which remains ; fo that the Sum of the 
tyer Sides AB,BC,« greater than, tze greatest AG 

« 

PREPARATiON. 



Mr* 



> ». 



Produce AB; and taking (3.) BD = 



DEMONST&ATiQtf. 



■-. 




(: 



BD=BC CMf?. 

LD=Z.BCD. 5. ■'■ 
LACDCL&CD. Jbe.i-j. 

UCDr^D- •«&• »• 

ADCAC 19. 
AB4-BDCAC. • ' ' 



4 v 



. ) 



» v « 



Jt } 



M 



,- f 



l. 



1 « 



'I v 






; 



« » 



«-r • «, 



• • « • 



i 



Pp>OP. 
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&K*io's Elements. 



Book I. 



fi R O P. XXI. 



»-■» * 






Jf frtm the Point D, taken at Pleafitre bt any Tri- 
angle ABC, the Right-lines DB, DA, be draw* to the 
Extreams B, A, of one of its Sides AB; their Sim DB-f 
DA, will be-Ufstham the Sum AG-fCB, ^iffo orttr 
two Sides AC, CB; fa* ;2* .4gfe ADB.zwVJ fc «**. 
*w *W tf*. <4gk A c a. 



PREPARATION. 



) 



■ m m « 



Extend DA to E. 

1 &y, »»+^a-ia:c+c». z.ar?w&irac». 



DEMaNS^kW^IG** 



' . \ > r 



I 






i-j-EB, 
ije. 
Again 

44 DA. 

• 

i.e. 
But e. 3. 
v e. 6. 7. 

Laftiy 
Alio 

vcp, IC. 

i.e. 

ve,8.i2. 



3 

4 
5 
6 

t 

8 

10 
11 
12 







AE"3AC-fCE. ao. 

AE+- EB1AC + CE+EB. Mv.. 

AB + EBtAG + CB ? a :.j* 

DBTEB + EC. >p. . ., 

DB + DATEB^Ea+.DA, Jt. 1$ 

db + da-dae+eb. 

AE-f EBtAC + CB. . 
DB + DiA b&iw&: -3 4jQ-U C A 
ZLADBC"Z.DEa 16. 
/.DEBC^-ACE. 15. 
Z.ADB is much C^-ACE. 
ZLADB is much CZ-ACB. 



i 



PROP. 



Book I. 






Euclid's Elements, 



prop. XXII. 



43 



Of three given KigbfrUm A, B, C, to m*ke a Trumgle 
KF G, whereof the biggeft otgbt (ic.) to H left than the 
6um ef the other two. 



PREPARATION, 

Right-line D E, and 'from it take 

^•FD-A, FG— B, GH — C: thefrftofo the Centers 

and Gj with the ftaiji) F"Dj G H; idefciribe (fty?. 3.) the 



Draw the 



Circles DKL, HKL, cutting each other in', the Point K, 
and from that Point draw KF, 1CG« 

I ^y, fctf « it t$e A fttfgftt. 



1 

AH© a 

vc. 1.2. 3 

Again 4 

Laftly 5 

Alfo 6 

ve.5.6. 7. 

Ve.3H»7r 8 




DEMONSTRATION. 

FD=K-F. bef.ie: 

FD = A. C«i#; 
KF— A. jlx. 1. A 
FG — B. C«#. 
GH = KG. Dtf*. itf. 
GH = C C«#. 

lf.'/3 , C As t ' ' " 

tfF^AjFtSWB^G^CL ^ , 

* <tf# # m a v fought; a & k a ©.• 



« > 



M i 



PROP. 



4+ 



Euclid's Elements. 



Book I 



PROP. XXIIL 

<At a Point A, in a Right4ine given A B, to make a 
fytftMned Angle A, equal to a Right-lined Angle given D. 

PREPARATION. 

Draw the Right-line CF, cutting die Sides of the 
\ngle given any ways ; make (3.) AG = DC; upon 
AG, raife (22.) a Triangle AGH, Equilateral to the 
former DC F, Co that AH be =DF, and GH=CF. 

I (ay, Z.a=Z.». 



1 



DEMONSRATION, 







AG = DC, AH = DF, GH = CF. 
££ = £». 8. Q t E.F.&D. 

PROP. XXIV. 



Conji. 



If two Triangles A B C, D E F, have two Sides of the 
one Triangle AB, AC, equal to two Sides of the other 
Triangle D E, D F, each to its correftondeut Side, (that is, 
AB = DE. and AC = DF,) and have the Angle A grea- 
ter than the Angle E D F. comprehended under the equal 
Right-lines, theyjbaU dfe have the Baft B C greater than 
the Bafe EF. 

1 PRE- 



Book I 



Ctfe. 



And 



vci. a. 

9 

"*• 3 









Again 
V c 5. 
But 
e. 6, 7. 
Now 
VC8.9. 

V CIO. 

But c. 4. 
•••e.u.ia. 



Jtt • 



1 
2 

3.. 
5 

7 
8 

9 

10 

11 

12 
13 



Euclid's Element^ 

PREPARATION. 



45 



Mate (*3.) Z_EDG=£A, and (3.) DGt=DF 
(Hyp) A C, and join E G, F G. 

If EG fall above EF. 

DEMONSTRATION. 




AB = DE. Hrf* 

AC = DG, Z_A=Z-EDG. 

^B-DB, AC=DG, LK 

B<?='EGi. 4. ' 

DG = DF. Cto^. . 

Z.DGF=Z.DFX* y. 

Z.DGFC*^-EGF. ^. 17. 
Z.DFGC"^-EGF. Jx.y. 

Z.EFGC^ DFG « ■<**• «7« 
Z.EFG is much C Z-fiGF. 

EGC"EF. 19- , t ..... . 

E G = B C - 



Confl. 
= ^EDG< 



% < 4 1 1 



I 



• x 






• J . 
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Euclid's 




Boojs: I 



Caff. 



But 

"CM.. 

Cafe. 



\ 



A If 



i 

2 

3 



And 



~+ 



• C«> X • 2 • 

5—DG 

But 



EC fell upon ER 



i %, j&ccr.etf* 



DEMONSTR AT ION- 




C E 



E G C* EF: ^ 1 7. 

E G = B C. Stef. 4. Ctf/> 1. 

&€CGf. Ax. 3. QjE D. 

If EG fell below EF. 




D'E mo n i$^:&%%k>'$L 



l-\ * • 



i>Cl' 



V • 







1 DGi|-E«C"DF + EF: zi.. 
1 DG=DE. C«#. . 

3 DG-fEGC^G + EF. &#.: 

4 EGC'ER «^. 1^ 
y fEG = BC. Sttp+ Cafe v. 



ritaF. 



1 



Rook £ 



>• 



For 

Thei) 

v. c 2 
But 

•v 

Again 
Then 



• • 



e. 5.9 
"y c. 10. 
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EuCLli^ EtBMENTl 
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P R O P. XXV. 



If two Triangles A BC, DE F, ; /&** two &fc* AB, 
AC, equal to fyvo Sides DE, DF, *«* to ifr correfpm- 
dm Side, (that is, AB = DE, «*/ AC = DF; and have 
tip *Bofo BC greater than the Bafe EF, they (ball dfo 
have the Angle A, cemprehefdej under the equal RtghtAines y 
eteattr that* tbej*de$).. 



.That is r £Jt C ^ B* 



JP JE, M Q,NS XR» ATI O K 




IF LA was =£& 

AB being = DE, AC = DF,, £A = LD.. Hrt. 

BC would be — EF. 4*. 

B<CC"E^F. jBjf. 

Z.A^'is aot=£iiX- 
If Z.A was T AD. 
BC would be "lEF. 14*. 

LA is pot ""3Z.P- 

Z.A is neither == nor "3/.IX- 



K^» 



JPROP r 



4* . 



Htf. 



Euclid's Elements.' 



prop. xxvr. 



Book & 



Jftwe Triangles ABC, DBF, have two Angles of 
the one. A, ABC, equal to two Angles of the other D, 
D E F, each to its corre/fondent Angle t (that is, L As L X>, 
and £_ABC = z.DEF) and have alfo one Side of the 
lOtte, equal to one Side of the other, eitoer that Side which 
\is comprehended betwixt the equal Angles, or that which 
is ful tended under one of the equal Angles ; the other Sides 
alfo of the one, Jball ie equal to the other Sides of the other, 
each to its correffondent Side, and the other Angle of the 
one, Jball be equal to the other Angle of the other, and 
the two Trianges entirely equal. 



Suppofc AB = DE, which are die Sides comprehend- 
ed betwixt the equal Angle*. 



PREPARATION. 



If A C be faid to be greater than D F, make <j.) 
AG = DF, if lefs, make (3.) DH = AC,and draw 
BG, EH. 



« ♦ 



DEMON- 






So OK S 



Euclid's Elements. 



4* 



For 

Then 

vc 2 

. Alfo 

v e. 3. 4. 

But 



• • 



Again 

Then 

v e. 9. 

Alfo 

J/e. io.it. 

But 






y e. 7. 1 4, 

ve.15. 

VC.I7. 






DEMONSTRATION. 
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If AC wasC"DF. 

AG being =DF, AB = DE, ZLA=Z.D. Htf 

1 Z.ABG would be = Z.DEF. 4/ 
Z.ABC=£DEF. Hyf 

:/lABC. «4*« 
Jx. 17. 
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1. 



AD. flfc: 






Z.ABG would be = 
Z.ABGT/LABC 

AC is not C*DR 

If AC was TDF. 

AC being =DH, AB = DE, LA 

LABC would be = ZLDEH. 4. 

/LABC=Z-DEF. ## 

Z.DEH would be =£DEF. 

Z.DEHT/-DEF. jl*. 17* 

AC is not iDF. 

AC is neither C nor ~3DF. • 

AC = DF. Ax. 4. 

AC = DF, AB = DE, Z:A=Z.D. 

C=A9«f 4> Q.E. D» 



^fe. i« 



o 



Suppofe. 



5© 



Hyp.U 



For 

Then 

v e. z. 

Alfo 

"*•* €• 3*4* 
But 
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Again 
Then 
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Euclid's Elements! Book I 

Suppole A C = D F, which arc the Sides fubcended un- 
der the equal Angles. 

PREPARATION. 

If A B be (aid to be greater than DE, make (3.) AGs 
DE, iflefs, make(3.)DH = AB, and draw CG, FH. 

I fay, &£ = &$. »C=0tf* Z.a$tt=£J&tfC. 
Aa#C=AJ&<£tf. 

DEMONSTRATION. 







e. *. 

Alfo 

ve.10.11. 

But 

• 

v e» 7. 14. 
ve.<5. 

vc itf. 2. 
c#i7- 
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5 
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8 



If AB was C"DE. 
AG being =DE, AC = DF, 
Z.AGC would be = /-DEF. 
£ABC=:<LDEF. Hyp. 
LAGC would b«=£ABC. 

Z.AGCCZ.ABC J^ 

AB is not CDE. 

If AB was IDE. 

AB being ==DH, AC = DF, 

^LABC would be 

^ABC = ^DEF. 

£DHF would be = 

^DHFC^-DEF. id. 

AB is not IDE. 

A B is neither C~ nor "3 D E. 

AB = DE. Jx. 4. 

AB = DE, AC = DF, LA = 



£A = Z.D. 
4« 

Ate. t. 



Hyp. 



Z1PHF. 4. 

Hyp. 
ZLDEF. Jx. 1. 



LA=zLV. Hyp. 



'§ 






A$J6C= A3$<£#. 4- QsE. D. 



PROP. 



Book L 



For 

Then 

But 



• • 
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Euclid's Elements 



5* 



PROP. XXVII. 



If a Right-tine E F, falling upon two Right-tines A B, 
C D, make the alternate Angles A E F, D F E, equal the 
one to the other, then are the Right-lines AB, CD, fa- 
ra1j?L 

» 

i 

PREPARATION. 

• • • *• 

If AB, CD, be faid oot to be parallel, fuppofe them 
to be produced 'till they meet in fome Point; G, To will 
EGF . be a Triangle. 



DEMONSTRATION. 




If A B, C D, being produced, fljould ever meet ; as in 
z/AEF would be CZ-DFE. 16. 
LAE¥=LDfE. Hyp 

AB, CD, being; produced, will never meet ; as in G. 
<a$ll*& W^3+ QiE. : D. 






v.- a 



- T 



» ft 



Oj 



prop: 



* 



gz 



m 



Aifo 
e. i. 2. 
Cl 3. 






Gf. 



Aifo 
ve. i.a. 

3 — i-BEF 

v e. 4. 



f •*» 



Euclid's Element* Book. X 



PROP. XXVIII. 

* 

If one Right line GF, otf two other Right-lines A B, 
CDjfo that the exterior Angle BEG, be equal to tbe- 
interior and oppofite on the fame Side D F E, or that the 
two interior on the fame Side BEF, DFE, le together 
equal to two right Ones, thofe two Bight-lines will be 
parallel. 

Suppofe Z. B EG = Z D FE. 



.* 
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4 
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DEMONSTRATION. 



ZBEG=ZAEF. 15. 
ZBEG=Z.DFE. Hyp- 
ZABE=ZDFE. *4*. 1. 
2l# ||« 3D. *7- QtE. D. 

Suppofe Z.B E F -f- Z-D F E = a r£ ». 
I fay, a» 1] CJK. 

DEMONSTRATION. 

ZBEE+ZLABF=:xrZ\ 13. 
^BEF+Z DFE=2rZl». /to. 

^BEF+ZAEF=ZBEF+iDFE. Jx.il 
ZAEF = Z-DFE. ^.12. 

fc*||C*. »7- Q.E.D.. 




PROP. 



Book I. 



Euclid's Elements. 
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PROP. XXIX. 



VC. 1* 

Alld 
ve.3. 2. 

4— Z.BGH 

Alfo 
:' e.6. j. 



• 9 
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7 
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If a Right-Hue E H, interact two Parallels AB, C D, the 
alternate Angles AGH, GHD, will he equal to one a- 
\nother ; the exterior Angle EGB, will le equal to the 
interior and offoftte on the fame Side GHD, and the 
{ two interiors on the fame Side BGH, GHD, willle 
[together equal to two Right-angles. 

That is, Zi3«^= £<&$*♦ Z.$<BJ6=£<B$». 



DEMONSTRATION. c 




AB||CD. Hyp. 
Z.B«H+^GHD=arZ.*. Jx. 22 



BGH+Z.AGH 
ABGH + Z.AGH: 
£AGH=Z_GHD. 
£AGH=ZLEGB. 
Z.EGB==ZJSHD. 

/.aen= £«$*&. L<£&& 

+ £<&»# = **£*♦ '<VE-D, 



• 1 rZ. "• x %m 

Z.BGH+7.GHD. Jx. 1 
Ax. 12. 



15- 
Ax. 1. 



L®%&. Lft®% 






PROP. 
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ve. i. 

Again 

v c. 3. 

e. 2. 4. 

i.e. 

v c. 6. 
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Euclid's EtaMENf s. 

nop, xxx. 



Book I. 



Rigbt-lifies A B, C D, which are parallel to one and the 
fame Rigbt-ltne EF, <wr f*40r/ to each other* 

I PREPARATION. 

Draw G H cutting the three Right-lines any ways. 

1 ray, a» 11c©. * ' "' • •" A -'- ! • 

DEMONSTRATION. 

AB||EF. Hyp. 
ZLGIB=Z.IKF. 




./i± 



.' e. 1. 






CD||EF. Hyp. 
£KHD = ZLIKF. 20. 
Z.GIB=£KHD. ^. 1. 
Z_GIB=Z.IHD. 
a^HC©* 28. Q.E. D. 



prop. xxxi. 

T# <fr*w thro* a given Point C, a Right-lite parallel 
to a given Right-Vine A B. 

PREPARATION. 

From the given] Point C, draw a Right-line CD, to any 
Point of the given Right-line AB ; then make (13.) at the 
Point C, the Angle DCE equal to the Angle ADC. 

I fcy, celiac 



I 

2 



DEMONSTRATION. Ar 



P ft 



C<fc||a#. 27. QsE. F. &D. 



-E 



PROP. 
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T — " 



■ ■W *^^*1«BIRB 



Book I. 



And 
And 

Alio 
e.4.5. 

Again. 

C7. 6. 

-Z.C. 

C. 6. p. 
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Euclid's Elements. 



prop. xxxn. 
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In any Triangle ABC, the /LA-J-£B-f AC, viz. ■ 
*fo fte -Ag/w ***** together, are equal to two Right- 
angles ; 4*? A C one of the Sides, Icing poduced, the 
exterior CL = LK + L B, vir, ffo *wo ;*tow and oj>- 
fofite Ones taken together. 

PREPARATION. 

Draw(3i-)HK|| AD, juft touching the Vertical An- 
gle B ; then produce the Sides A B, C B. 



. I fay, £a-hZ-#-h^C=2lM*. L%^L%-\- £#.. 



DEMONSTRATION. H 



> 



Z.E=£A. 2$. 

Z.F=£B. iy. 

Z.G = Z.C. 157. 

Z1E+Z-F+2LG= 

Z.E-f/_P-hZ.G= 

Z.A-f£B-fZ.C = 

Z.C+£Z=irZ.'. 

£C-f^Z = 

LZ = LA-\- LB. Jx. 12. 

Z.a+ Lft+ L€=zitL: L% 

a e. d. 




ZLA-f AB+Z-C. 
tvL'. Cor. 2. 13. 
21' L*. Ax. 1. 

Z_ A + L B -f L C. ^*. 1 



.4*. 11. 



l a + z. j& 



p 2 



PROP. 



5* 



Euclid's Elements. 



Book L 



3 



COROLLARIES. 

Becaufe the 3 A' of every A are = arA', therefore 
the 3 A' of one A, are = the j L* of another A. 

If % L* of one A, are = i L* of another A, each 
to each, the third A of the one, will be = the third 
L oi the other. 

In a Right-angled A, the two Acute L* taken to- 
gether, are precisely = a rZ., viz. $©• Degrees. 

Confequently, if one of the Acute A' be given, the 
other is- aho given ; viz* 90* Degrees — the given A 
leaves the other A* 

Each A of an Equilateral A is = 6 a* Degrees, or 
the third of 2 rA*, which make 180* Degrees. 

If one A of any plain A be given, the Sum of the 
other 2 L % is alfo given, fince 180* Degrees — the gi- 
ven L is = the other 2 A*. 

* 

In an Ifofceles A, if the A comprehended between 
the equal Legs be = a r L , etch of thole at the Bafe 
will be =|r A. 



THE- 



Book I. 



i 

But 1 3 
i.fr. 15 



Euclid's Elements. 



THEOREM l 



5? 



M the ^Angles of a RightJined figure da together make 
twice as many Right-angles, latingfour, as there are Si- 
des of the figure. 

PREPARATION. 

From any Point within the Figure, let Right-lines be: 
drawn to all the Angles of the Figure, which fhall re- 
folve the Figure into as many Triangles as there are- 
Sides of the Figure. 



i fey, an t^e l * of tfce fi&xtt are = ttofce a* roa* 
m? r a «, bating four, a* t&ere are &fte*. 

DEMONSTRATION. 




The L % of every A in the Figure are = 2 rA\ 32: 
The A* of all the A' in the Fignre are = twice as manyy 
r A* as there are Sides. 

I The L ' at the Point within the Figure are = 4r A*. Cor. 2.15. 
The remaining A* are = twice as many r A', bating four, 
as there are Sides. 

OB tfte L* of t$e f tflure are = ttofee a* man? 
rA'* bating four? a* r$ere are £fte& Q» e. d. 

0. pOROL. 
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Euclid's Elements. 



Book I 






But 



• • 



2 



3 



COROLLARIES. 

Hence, all Right-lined Figures of the fame Species 
have the Sums of their Angles equal. 

2 In a Figure of four Sides, the four Angles make to- 
gether four Eight. 

THEOR. IF. 

JU the outward Jngles of any Right-lined Figure, ta- 
ken together, make nf font Right-angles. 



PREPARATION. 

Produce the Sides of die Figure. 

I iky, e$e otfttoart l* are =4t/L*. 

DEMONSTRATION. 





I 



All the feveral Inward, with the ieveral Outward L* -of 
the Figure are = 2.rZ.\ 13. 

All the Inward, together with the Outward L % of theFi- 
gurer*j;« ss twice as many vL* as there are Sides. 
All the Inward L *, with four right, are = twice as ma- 
ny r£ * as there are Sides; Jheor, 1. 

c& suftwr* u are =+tL'. Q. & d. 

COROL- 



BOQK I. 



Euclid's Elements. 
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COROLLARY. 



And x 

And 3 

ve. 1.1.3. 4 

vc.4. $ 

Alfoe.4. 6 
v c 6. 7 

VC.7.J.I8 



All Right-lined Figures of whatfoever Species have the 
Sums of their outward Angles equal. 

prop, xxxin. 

If two Lines AB, CD, are Parallel and equal, the 
Right-lines AC, BD, «&<$ join their Extremities^ are al~ 
fo parallel and equal. 

PREPARATION. 
Draw the Diagonal AD. , 

I fey, aC]|and=J5B» 



DEMONSTRATION. 



AB = CD. Hyp. 
A D is Common. 
AADC=Z.DAB 2<?. 
AB:=CD. AD' is common. Z.ADC 

AC^BDv V ' ; ' ' 

Z.DAC=£ADB. 4 

ACil-BTX 27. ' 

aC II and ==»»# QsB. D. 



-, ^i 




= Z.DAB. 



Q.* 



PROP. 



(To 



Euclid's Element^ 



Book Z 



prop, xxxiv. 



i 

VCI. % 

Again 3 
v c 3. 4 

*+4- 5 
i.e \6 

Laftly 7 

ye. 2,4.7- 8 
vc.8. 9 

,". 9. 6. 10 



J* Parallelograms, as ABDC, the otoepte Sties A B ' 
CD, «v<J AC, BD, are equal each to other ; and the o£ 
tftte Angles. C, B, and C A B, C D B, are alfo equal ; aid 
the Diagonal A D, divides the fame into two evud farts 
or Triangles AD B, ADC ^ 

That is, a#=c?&. ac=»#. £€=/.». £C 



DEMONSTRATION- 




I 



ABHCD. £</: jfi 

£DAB=Z.ADC. 20. 
AC || BD. <Vef. 35. 
Z.DAC= Z.ADB. 29. 

Z.DAB + Z.DAC=Z,ADC+Z.ADB. 4r. xi. 
Z.CAB=2LCDB. 

AD is common. 

f? A 5~^ DC » ADAC==^ADB, AD is common. 
AB=CD,AC=BD,^C==Z.B»AADB i =AADCo6! 

a#=c». a$=»». £€ = £»♦ Aca»=z. 

C90. Aa#0=Aa3&C, Q.E.D. 



PROP. 



Book I. 



Euclid's Elements. 
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PROP. XXXV. 

Parallelograms, A BCD, BCFE, which /land upon the 
fame Bafe B C, and letweex the fame TaraUeh A F, B C, 
are equal one to the other. 

That is, aa#CJ& = ca3BCtf €. 

A 
DEMONSTRATION. 



Alfo 



* • 



/e. 1.2. 3 

3 + DE 4 

i. c. 5 

Again 6 

And 7 

*.*c.y«6.y. o 

vc.8. 9 

9-ADGE 10 

i. c. ii 

ii+ABGC 

ie.li3 



34- 
34* 

jlx» I. 

= DE + EF. Jx. ii. 




AD = BC 
EF = BC. 
AD = EF. 
AD + DE 
AE = DF. 
AB = DC. 
_A=zLCDF. 

AE = DF, AB = DCVAA=£CDF. 
AABB=ADCF. 4. 

A ABE— AD«E=ADCF- ADGE. Jx. 12, 
Trapezium ABGD= Trapezium E G C F. 
I2 ITrap. ABGD+ABGC=Trap. EGCF+ ABGG Jx. 11, 



34« 



29, 






caa»C^=a»Cife Q*E.D. 

PROP. XXXVI. 

TaraBeloerams, ABCD, EfGMyfhat are between the 
fame ParaMs AH, BG, and on equal Bafes BQFG, 
are equal. 



• 




R 



PRE. 
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Euclid's Elements 

preparation, 

Join BE, CH. 

i ray, a a»c»=a(ef«|, 



Boos K 






# • f» 






v e. 



vc. 



Alio 

I. »• 

Alfo 

4. 3. 

• c. 5. 

5. 6. 

•e.7. 
But 
Alfo 

9. 10. 



1 
a 

3 

4 
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6 
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10 

11 



DEMONSTRATION. 



BC=FG. 



Hyf. 
= FG. 34- 

:EE ./&?. I. 

E H. Gonfr 

and = EH. 

CH. 3?- 
EH, BE|jCH. 
BCHEisacs- Vef. if. 
BCHE = a ABCD. 
a BCHE = caEFGH. 



EH 
BC 
BC 
BC 
BE 
BC 




3 J* 






a3J5C^ = a€Jf <B$. -<**.i. Q.E.D. 

prop, xxxvn. 

Triangles, BCA, BCD, /landing upon the fame Bafe 
BC, and between the fame Parallels B C, A D, <wr rgftri 
0** to the other. 

PREPARATION. 

Produce AD both ways, and through B draw (31.) 
BE || C A, alfo through C draw (31.) CF || BD, fo (Def 
35.) .arc B C A E, B C F D, Parallelograms. 



I fay, A#Ca=A#Cfc. 



I 



DEMON- 



Book. I. 

"ii 



Alfo 

Alfo 5 
v c. 4. 5. 6 



Euclid's Element* 

A- 

DEMONSTRATION. 



£~- 






1 

1 -f. i 2 

Alfo 3 

.'e.3.2. 4 

A Alfo 5 



aBCFDsaBCAE. 35. 
4caBCFD=4caBCAE.^. 1 4. 

ABCA = ; a BCAE. 34. 
ABCA = 4qBCFD. Ax. 8. 
ABCD^-qBCFD.. 34. 




a e. d. 



HOP. XXXVIIL 

Triangles, B C A, E F D, Jet ufon equal *Bafes B C, 
EF, 4*4 between the fame Parallels AD, BF, <«* <??«** 
ffe mv to the other. 

* 

PREPARATION. 

Produce AD both ways, and thro' B draw (31.) BG 
|| CA, alfo thro' F draw (31.; FHH ED, fo (&ef. 35-) 
arc BCAG, EFHD, Parallelograms. 

I fay, A*Ca=A£tf3D. 



DEMONSTRATION. 



caEFHD-=caBCAG. $6. jj c 

laEFHD = | a BCAG. ^.14. 

*ABCA = 4aBCAG. 34. 

ABCA^aBFHD. Ax. 8 

AEFD — ^ a EFHD. 34. 
.A)DCa=ACf^ ^*. 8. Qs E. D. 
I R2 




PRO P. 



H 






For 


1 


Then 


2 


Alfo 


3 


* C» 2* 3* 


4 


But 


5 


• • 

• 


6 


Again 
Then 


7 
8 


Alfo 


9 


v e. 9- 8. 


10 


But 


11 


• • 


12 


» 


13 


*.• e. 13. 
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Euclid's Elements. 



prop, xxxix. 



Book I, 






Triangles, KDC, BDC, which have the f me TZajfc 
C D, and are equal to each other, are between the fame 
Parallels AB, CD. • 

PREPARATION. 

If the Parallel be laid to fall above A B, through A 
draw (31.) AF|| CD, if below, through A draw (31 ) 
AEj CD, and producing CB, 'till it meet AF, join 
F D, E D.. 



I fiy,a*||C&» 



DEMONSTRATION. 



Tf the Parallel fliould fall above A R 
A ADC would be =AFDC 37. 
AADC=ABDG " 
AFDC would be = 
AFDCfTABDC. 
The Parallel will not 
If the Parallel fhould 




*tv 



Ax. \: 



A BDC. 
Ax. 17. 

fall above AB. 
fall below AR 
A A DC would be = AEDG 37 
AADC=ABDC Hyf. 
A BCD would be ==AEDC Ax. 
ii|ABDCC"AEDC ^#.17. 

The Parallel will not fall below AB. 

The Parallel falls neither above aor below A B • 



x: 






PROP. 



Book I 



For 

Then 

Alfo. 


T 

2 


• Cm 2* 3* 

But 

• • 

• 


4 

5 
6 


Again 

Then 

Alo 


7 
8 


v e. 9. 8. 

But 


IC 

IT 


v J 12 


\»e. tf.1t.J13 


v c 1 3. 


H 


• 


■ 1 



Euclid's Element* 



*5 



1 



PROP. XL. 



Ces 



t 

£*ud triangle s y A G C, B H D, fim&ng upon equd Ba* 
CG, D H ; and on the fame SiJe % are between the fame 
ParMs A B, C D. 

PREPARATION. 




If the Parallel be faid to fall above AB, draw (31.Y 
A F || C D, it' below, draw (51.) A E || C D, aad produc- 
ing HE till it meet A F, joyn F D, E D.. 

. — . -^7t y 

i&y, a»||C», 

DEMONSTRATION. 



If the Parallel fhould fall above A B. 
UGC would be = A F H D. 38, 
AAGC = /iBHD. H/p. 
AFHD would be = A BHD. Ax. i* 
\FHDC"ABHD. Ax. 17. 
The Parallel will not fall above A B. 
If the Parallel fhould fall below A B. 
A AGC would be = A EHD. 38. 
AAGC= A BHD. Hrt. 
A B HD would be = A EH D. Jx. 1. 
A B H D C A E H D. Ax. 17. 
The Parallel will not fell below A B* 
The Parallel Ms neither above nor below AJB. 
a*|lCJ». 04 E.IX 






pr aft. 
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Alfo 
ve. i. 2. 

3 x a" 
Alfo 

5- 4- 



• • 



i 

X 

3 
4 
5 



Euclid's Elements 



prop. XLL 



Book t 



If a Parallelogram A BCD, have the fame Baje BC, 
with the Triangle BCE, and he between the fame Paral- 
lels A E, B C, then is the Parallelogram ABCD, aoulle to 
the Triangle BCE. 

A 

PREPAR ATION. 
Draw the Diagonal A C. 

Hay,a8#C3& = *A#CC. B 

DEMONSTRATION. 



ABCA = A BCE. 37. • 
ABCA= A CD A. 34. 
A B C E — A C D A. Ax. 1. 
a A B C E = 2 A C D A. Ax. 13. 
a ABCD= 2 A CD A. 34, 

a & 25 C 3© = 2 A J5 C <£. e4*. 7. 




Q.RD. 



PROP. XLII. 



To make a Parallelogram E FG C, equal to a given Trian- 
gle ABC, and having one Angle GCE, equal to a given 
right4ined Angle D. . . v 

PREPARATION. • 

Through A draw (31.,) AG II BC; then making (2 3.) 
L. G CE= L D, and (ic.) bifefting the Bale BC in E, 
draw A E, and (3 1.) E F n C G. 

I fay, 



I 



■™^ 



Book t 




n • 



V C I. 

Again 
e. 2.3. 
i. e. 
Alfo 
e. 6. 5. 
Laftly 
V c 7. 8. 



• • 



1 

2 

3 

4 

5 
6 

7 
8 



B'f Elements 

1 fry," a g # <b c == a a # c. /- <&€& 

DEMONSTRATION. 





BE=EC, AG! BC. Confi. 
AABE=AAEC 38. 
A A B C = AABE + AAEC. Ax. 
A ABC=A A.EC + A A EC Sub. 
AABC = 2AAEC. 

EFGC = 2 A ABC. 41. 

EFGC= A ABC. Ax. 7. 
L G C E = L D. Co*/*. 

aCtf <£C= A a#C ^ <Btt<P = 

&D. 

PROP. XLni. 



18. 



L &. Q.E.F. 







* 


I 


Alfo 


2 


1+2 


3 


Again 


4 


J. c. 


5 


5 ~-1 


6 



In every Parallelogram A B C D, the Complements A K, 
K C, of thofe Parallelograms EG, H F, which are about tfje 
Diagonal B D, are equal. 

X. I I D 

That is, a a* = a *C. 
DEMONSTRATION. 




AEKB = A BKG. 34. 

AKHD=AKFD. 34, _ 

AEKB-f AKHDr= ABKG+ A KFD. Ax, Vr. 
AABD=ABDC. 34. 

AEKB-f-AKHD4- c= iAk=ABKG4.AKFD-f-caKG. 
a a& = a'»C ^.12. Q.E.D. 

S 2 i PROP. 
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Euclid's Element* 



PROP. XLIV. 



Boos 1 



Upon a Ritbt-line given A, to ntak* a P araMogram F L, 
*w*5 to a Triangle pven B, and having an Jnpe MFH, 
ea«al to an Jngfe given C 



P REPARATION. 



Make (41.) a caFD=r A B, fo that A G FE be = 
A C. Produce GF tHl T? H be = A. Through H draw 
(5i.)IL|lEF, which letDE produced meet in I. Let 
D G drawn forth, meet with a Right-tine drawn from I, 
in the Point K. Through K draw (3 1 .) K L |l G H, with 
which let E F drawn out meet at M, and I H at L. 

Ilay,f^ = X aff&=A*. Afl&f$=AC. 
DEMONSTRATION. 



And 

Alfo 

v e. u 3. 

Agaii 
Alfo 
v e. 5. 6, 

'.•e. 1*4.7. 



1 

x 

3 

4 
5 
6 

7 
8 







FH = A. Conft. 
a FL = c3FD. 43- 
A B =■ a E D. Cot/*. 
qFL= AB. j4*. 1. 
£ MFH=/_ GFE. ij. 
Z. C= A GFE Cwju 
L M F H = A C jfe. ri 



AC. Q.E.F.&D; 

PROP. 



I 



-*! 



Book L 






And 

1-4-2 

i. e. 

Again 
• c. 4* j. 



i 

2 

3 
4 

J 
6 



Euclid V Elements 



prop. xlv. 



*9 



To make a Parallelogram G F K L, equal to a given right- 
lined Figure ABCD, and having an jingle V 9 equal to a 
given Angle E. 

PREPARATION. 

Refolve the riglit-Kned Figure into Triangles ABC,. 
ADC, and making (42.) cd GF1H = A ABC, hav- 
ing L F =; A E, produce the Line F I, and (42.) make 

HIKL = AADC. 



«ff*l = ajBC*. Aff=£«. 

9 

m 

DEMONSTRATION. 



I fay, 





.iX J\ r , L 1 



U> - 



E 



/ • 



GFIH= A ABC. Co*/l. 
a HIKL=: A A DC. Confi. 
aGFlH + a HIKL=AABC+ AADC. Jx.m 
qGFKL=ABCD. 
L F= A R Coaft. 






P R OP. 

I 
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Euclid's Elements. 



Book L 



• • 



/CI. 



I 

% 



• • 



• 



3 

4 
5 
6 

7 



Again 
/ e. 2. 3. 

v e. 4. 
e. 4. 5. 

*•* C« O* 

ve.7.18 
But e. 1. 9 
v e. 8. 9L 10 

C. 9. IQ.; 11 

Alfoe.3,5. 1 a. 
V cix.li. 13 

C13. 14 



PROP. XLVI. 

Ufon a line given A B, to defcrile # Sptare A B D C 

PREPARATION. 

Ere£ (n J two Perpendiculars AC, BD, equal to AB, 
and join C D. 

CI ' T> 

1 %, a 8 3D € tjf 6 £qtf&re» 



DEMONSTRATION. 



Ai 



• • 






A,B, arerZ.*. Def. 10. 
ACIIlBD. »8. 

AC = AB = BD. Cod?. 

A C «) and zp= B D. 

A B || and = C D. 33. 

AC||BD, AB||CD. 

ABDC is a a . Def. 35. 

Z.A=Z.D, Z.B = Z. C. 

A, B, are rZ.\. 

D, C, are rZ * 

Z. A = L B = Z. D = L G .^r. ai. 

AC=AB=BD=:CD. Ax. 1. 

AC=iAB = BDrr=CD,Z. A=ZB = Z D=Z.C 

a » © C te a jfcqtiatt. v<f %$. Q, E. F. & d. 



3* 



L E M- 



Book I. 



^ 1 



Euclid's Elements. 

lemma I. 
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1 




4 


I 


1 


1 










> 




1 






















% 












_ 














1 



The 9ted of every Square, Right Angled Parallelo- 
gram, or Re&angle, is that Space which is contain'd within 
its Sides, being equal to the Produft of thofe Numbers, 
which exprefs the Meafure of its Sides, 

Thus the &tea of the Right- A 
angled Parallelogram* or Rec- 
tangle ABCD, is that Space 
which is contained within its 
four Sides, AB, BC, CD, 
DA, being fif AB be = 4, B C= io Inches) equal to 
ABxBC, = 4x10=40 Square Inches. 

COROLL ARY. 

Every Right-angled Parallelogram therefore, or Rectan- 
gle ABCD, is faid to be contained under two Right -lines 
AB, BC, comprehending a Right- angle B. 

Wherefore, by A B x B C, or luch like, is always meant 
the ReSangie contain'd under the Right-lines, A B, BC, 
let at Right-angles ; by ZA=ZxA, or fuch like, is al- 
ways meant the Rectangle contained under the Right-lines 
.Z, A, let at Right-angles. 

LEMMA II. 

If a Right-line Z, be cut any-wife into two Parts, the 
"Square made of the whole Z, is equal both to the Squares 
made or the Segments A, B, and twice a Re&angle made 
•of the .Parts A, B. 

That is, jga=3fl+3&a-f*a#. 



a: 



B. 



T * DE- 
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1 
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1©- 2 



i 

2 



3 






Euclid's Elements. 



DEMONSTRATION. 



Z — AAK Jx. i& 

ZZ=AA-|-BB + iAP. ^x.9- 



Book L 



B, 



, 



LEMMA ill. 

The Area of every Right-ang'ed Triangle A B C, is equal 
to half the Parallelogram made of its Bafe A B, and Per- 
pendicular B C. 

PREPARATION. 

Compleat the Right-angled Parallelogram AB C D. 



I fay, Aa28C = Tcaa3B<n&. c 



DEMONSTRATION. 



Aa#C = iaaj5C^ 34- QtE.D 




COROLLARIES. 



\ 



Becaufe the Area of the a A B C D is {Lew. i.) equal to 
its Bafe A B, drawn into its Perpendicular BC, and the 
A ABC is eaual to ± a ABCD; therefore the Area 
of a Right-angled Triangle A B C, is equal to its Bafe A B, 
drawn into half its Perpendicular B C» 



Hence 



I'VPV- W 



Book I. 

i 



Euclid's Elements. 



3 



^3 




Hence the Areas of Acute 
and Obtufe-angled Triangles 
ABC, may be alfo found, 
viz. by refolving them in- 
to Right-angled Triangles, 
by Means of a Perpendicular A P, let fell from the Acute 
and Obtufe Angles upon the oppofite Side. Thus the A* 
reas of the Acute and Obtufe-angled Triangles, A B C, are 
= iAPxPB4-^APxPC = ^AFxBC 



Hence alio the Area of any Irre- 
gular Figure, or Field ABCD^ 
may be found, viz. by refolving it 
into Triangles ; and each of thole 
Triangles into Right-angled Ones, 
by means of Perpendiculars- let fell 
from their vertical Angles upon their refpe&ive Bafts. 

Thus the Area of the irregular Figure or Field A B C D B 
is=iA.P x BE-KBPxCB-KDP*CE. 




Jt» 






PROP. XLVIL- 

J* ay BigU-angled Triable BCH, the Square HH; de 
fcriVd ufm the Hyfothemfe H, is equal to the. Sum of tht 
Squares, BB, CC, defcrijbed on the ether two Sides B, Q. 

PREPARATION. » c 

« 

Make (415.) a- Square whofe Side is 
= B -}~ C, and let that Square be ex- 
prefs'd by S, fo (Lem. 2.) will its Area 
be = BB + CC+.2BC, alfo the Sum 
of the Areas of the Four Triangles includ- 
ed in that Square, will (Cor. u Lem. 3 J be =4- BC v^ 

V *ftft 




7+ 



Alfo 

V C. I. 4. 



For 
i. e. 

t fa»2 



I 

2 

3 
4 



/ 



I 



For 
- Qq. 



For 



2 
J 



I 

2 



I 

2 



Euclid's Element* 

I fay, $t = *#4-cc. 



Boor £ 



DEMONSTRATION. 

S=HH + zBC 
S=BB-f CC-j- iBC 
HH+2BC=BB+CC+^BC Ax. i. 
$$ = ##+€£♦ Xk.i^E.D. Bj\ 

COROLLARIES. 




HH = CC+B«. 

9 = V<M+#a. 



.4#. io. 



B^^Hj[~_Cf .»*. 12. 

©=V^a— Ca. Ax. io. 



Ct=V9l-*t|. 



Cf 4- E f = 

c = vfa 



Bg. « 4y. iil 



PROP. XLVm. 



I 



9" 4i 5g»*v msdeufm one SiJe BC, of a TruHtgfe ABC, 
fe r^v»J to ft&e Squares made on the other Sties AB, AC, 

the Jxde CAB, trnpreijetaea under the ether Hides AB, A C, 
is Right* 



Hook. I 
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' ".* e. 

Again 

3 6-*- 

V e. 2.4. 

Alio 

:■'*■ j. 6. 

7 lu>Z 

Laftly 

ye.3.8,9. 

ve. 10. 

But e. 1.. 



•3 



Euclid's Elements. 
preparation 1 . 

Draw to the Point A in AC, the Perpendicular D At= 
AB, and joyn CD. 

i&y, «a»fe atz.; 

D E M O N S T R A T I O N. ' 

CAD it *r£. 2>e/: 10. • 

daLab. C«»?. 

DAj-ABj. ^x. 9. 

CD f = AC{+AB{. ft*. 

BC} = AC«+AB». Hw>. 

CD ? = BC ? . *fe. 1. 

C D = B C. ^». 10. 

A C is common. 

DA=iJ,£D=BC, ACis common. 

£ CAD = ^ CAB. 8. 

CAD-isa tL. 

Ca» is a XL. Q. E.D. 

■ Th E»3 tf tht Brji Cwfe 




y .»: 



! HOC 



UCMD* 



i* 



ii 















I 



EUCLID'S ELEMENTS, 

Demonftrated aftet a New, Plain, and Eafie 

METHOD. 



B O OK II 



i 



PROPOSITI ON I; 

V two Right4ines Z, X, he given, and one of them X r 
haded into as many Parts or Segments as youpleafe ; the 
XeftangU contained under ike two whole Right-Tines Z, X* 
ball le equal to all the Rsttangles contained under the whole 
Line Z, and the feverd Segments A, B, C. 

That is, ££ = *a + 3t)6+£C* 

DEMONSTRATION. 



z 



"ixZh 



A. 



X 

-f- 



+ 



I 



X = A+B + C #4*. 18. 



J* 



H*' 



»• 



Book II. 

4 



Euclid's Elements. 



prop. H. 
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|f a Right-line Z> he divided any wife into two Parts, the 

Square made of the whole line Z, is equal to the Retta*- 

\gtes contained under the whole, Line Z, and each of the Seg- 



: i. e. 



I ments A, B. 

That is, Zq = Sta + ^^» 



i 

2 



A. 



B 



: 



tfxB 



x 

'3 






DEMONS T RAT ION. 
Z-= A-f B. Ax, 18. 
ZZ=ZA-fZB. >f. 13. 

P R O P. HL 

tf a Right-line % he dh»ded anywife into two Parts, the 
Rectangle contained under the whole Line Z, and one of the 
Segments B, is equal to the Rectangle made of the Segments 
A, B, and the Square defcrihed on thefaid Segment B. 

Thatis, fc#=a# + »q. 

DEMONSTRATION. 

Z = A 4- R, Ax. i& 

Z B — AB -f B B.. ><*» 13* 

*»*=•*£+#«.• Of E»IX 



.f 



A. 



a 



;• •.. 



PR OR 



7« 



Euclid^ Elements. 

t 

PROP. IV. 



Book It 



? 



If a RightAine Z, le cut anywije into two Parts, the 
Square made of the whole Z, is equal both to the Squares 
made of the Segments A , B, and twice a Rectangle made of 
the Farts A, B. 

Z 



And 

ve. 1.2. 
Again 

.* e* 3. 4. 

Laftly 

vc.5. 6, 



1 

x 

3 

4 
5 

,6 

7 



A. 



+ 



B. 



That is, 2rq = aq+»q + 2$#. 

DEMONSTRATION. 
1 |2n = a«+»q+ xa». Um.i.1. Q:E.IX 

PROP. V. 



Jf 4 Right-line A B, fo «# * ? «*^ /'» C, 4*2 unequaJh iw 
D, *fo Rectangle contained under the unequal Parts AD, D B, 
together with the Square that is made of the Difference of ibt 
Parts CD, is equal to the Square that is made of the Half- 
line CB« 

B 



That is, a3&xJ&j6 + CJDq=C»q. 

DEM ONSTRATIOK 



d>tf+DBj + CDxDBx»=CBf 4. 
CBxDB^CDxDB-f DB?. 3. 

CDf+CBxI>B+CDxDB=:CBf SuK 

AC=CB. Hyp- 
CD«4-ACxDB-|-CDxDB = CB^. Sub. 

ADxDB; = ACxDS + CDxDB. i. 



ajDx3D© + C^ci=C3Cq» Sub.Q^KD. 



PROF- 



•*-r 



Book II. 



*»• 



i-f*AA 

Alfo 

vc^3 



i 

2 

3 
4 



i 

IX X 2 

2B^ 3 

Again 4 

ve. 3 r4 . 5 

i. e. 6 

rf-f-B?. 



Euclid's Elements. 

prop. vi. 
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If a Right-tine A» /* divided into two equal Ports-, and ano- 
ther Right- lint By added to the f tarn direft/j in oat Right-line ; 
tbfn the Reft 'angle, contained under the whole and the Line added, 
viz* A -J- B, and the Line added B, together with the Square 
which is made, of one half the Lim A, is equal to the Square of 
j- A-f-B, taken as one Line, 

That is, J+i x 25-KSl 91= U + JB^ 
DEMONSTRATION. 




AB-f-BB=I?BxB. 

AB-t-BB-f |AA^ AT6x B-f^AA. .4*. u. 

A B A- RB + j A A = £ ~A + B . 3 

A + *'x J& + i a A = ^T+T5|. a X*. i. Qs E. D. 

PROP. VII. 

If a Right-line Z, he divided anywife into two Tarts^ the Square 
made of the whole Line Z, together with the Square made of one 
of the Segments B, is equal to a double Reft angle contained un- 
der the whoieLine Z, and the Jaid Segment B, together with the 
Square modi of the other Segment A. 

Tbat is, 2 d+)6a=*^»+to 
DEMONSTRATION. 



A. 



B* 



ZB = AB-fBf 3. 

ptZBsiAB-j-iBff. Ax. 13. 

2 ZB — 2 B ^ = 2 AB. Ax. 12. 

Z<y = A£ -f- Bq -\- 2 A3'. 4. 

Z? = hq + B f 4- 2 ZB -jBf $*&. 

Zj=A?+»ZB-Bj. 

2a + #q=*£# + aqu QsE.D. 

X 2 



PROP. 



So 



1 + jZB 
AMb 



1 
2 

3 






Eucluhi Elements* 



* rop. vra. 



Book II 



If a Right-line Z, It divided anywife into to* Tarts, the 
Rectangle contained under the it bole Line Z, and one of the 
Segments B four Times, together with the Square of the other 
Segment A, is -equal to the square of the whole Line Z, and 
the other Segment B, viz. of Z -f- B> -taken as one Line. 



That is, 4 st # 4- a a = rrw 



B 



DEMONSTRATION. A. 

2^ 4-B^ = iZB-|- A«. 7. 

Zg + Bg + tZB =4ZB -fAg. A. 11. 

Zf + B f 4* 2 ZB = Z •*• b;. 2 

4& XB -f a 4=2+ »|. 2 -<<*.*. Qs E. Dt 

HOP, IX. 

If a Right 4ine A B, he cut equally in C,and unequally in D> 
the Squares of the unequal Parts AD, DB, taken together, 
are double to the Squares of the Half-line A C, and the < Difft* 
rente of the Parts C D. 

That is, &&4+&lM = *'%&) + * C^q, 

DEMONSTRATION. 



A 






£ D 
^ T- 



B 






Aft 
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» + DBy 

■ Again 

* C» 2. 3« 

Laflly 

3$- 2 
V e 5. 6. 

*«*c»4» 7* 

JUC. 



I 

a 

3 
4 

5 
6 






I 

2 

3 
4 



Again 
3 K *~ . 

c a. f . I 6 



*Jg=J lC ?_+CPg4 -A"c7cD >c2.4. 
AD n DB^AC ?+ CD f +ATnrcOxi+'5%. 4* 11, 

£D*LP B ? = A C ? + CD? + CfiScB x 2+DB*. S«*. 

CBxCDx2 + DB|=CB«H-CD ? . 7 . * 

A Cy- CB^. ^*. 9. 

CBxCDxt+DB^ = AC ? +CDff. S«&. 

AD ? + DBf = ACf -fCD^-i-ACf-fCD*. Suh. 

PROP. X. 

y * Rigbt4ine A, he divided into two equ4 Parts, and a- 
nother Line be added in a Right-line with the fane ; then is 
the Square eftbe whole Line, together with the added Line, 
as being one Line, together with the Square cfthe added Line B, 
double to the Square of half A, and the added Line B, taken 
as one Line, and to the Square of 'A. 

That », a -t- TBI* 4 £*=='*. ji + *|« * a -fia'a. 

DEMONSTRATION. 




A"TB| > = A^4-B^4-aAa 
AJ L BlH-B^=A2 + aB^4-» AB. Ac. u» 
£A+JP = i A A i B q + A B. 
JT+Ti)*** == 4- A A+ 2 B? + 2 AB. *4*. 13. 
i A + Bj* *> +|A A^r A grfr 2 B?-HAB. *f*. 

* + »l*H-»a=Tg±»)*>«» + iA> Ax-uQ* 



- 11. 

ED: 



t> «r 



t 



PRO P, 
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Euclid's Element* 



Bo or IT. 




PROP. XL 

To cut* Right-line A B, in the Print H, f$ that the Square 
of one of its Parts AH,**? U equal to the Rett angle contain- 
ed under the whoklte AB, andtbe fiber Part BH. 

PREPARATION. * 

Upon AB defcribe (46. 1.) the Square A B C D. Bi- 
fe& (10. 1^ DA in E, ana draw EB. From the Line 
DA produced ake EF=EB. On AF make (46* ij 
the Square AG, and extend GH to L 

i fay, a^a = a»x»^ c, 

DEMONSTRATION. 

DFxAP+EA?=:EFf. 6Y 
AF=FG. Def. *9* i* 
DFxFG4-RAg=EF{.f& 

DG + EAf^EF* 
B B = E F. Cenft, 




DQ+EAjr 
E A q 4. A Btf 

DG+EAj: 

DGsABf 



= EBf. «&**. 
= EB$. 47.1. 

aBAf + ABf».Jft£ 
*4*. 12. 



DG — AI=ABf— AL jfe, 13. 
AH* = BL 
BC X BH = BL 
AH^-BCxBH. <Ar.i, 
AB = BC <Def. 20, 1. 

31*4 »***#& **. Q.ED, 



*ROR 



*fl * 



Book IT. 



i 
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V. 



Abd 
ci. 2. 3 
Again 



;;f 






EtTCfclbV ELEMENT** 



P R O P: XIL 



% 



In Ohtuph-augJed Triangles ABC, the Squirt that it made 
of the Side A C, fubtending the Obtuje Angle A B C, is greater 
thorn the Spares of the Sides A B, C B, that contain the 
Qktufe-Asgle A B C, Jy a double Rett angle contained under one 
of the Sides C B, which are alouttbe OTtufe-Jngle AB C, on 
which Side produced the Perfendicular AD faUs, and under tfcr 
Line BD, ;*&** without the Triangle from the Point on wbicb 
the- ParfendkuJar A D /«&, U the Oltufe-Jngk A B Q, 

That is» a ca-a^q+c^a+c»x»s>x 2. 

P EMON5T RATIO N.- 
AC a ■= AD $ +CD a. 47. r« 
CDg=rBDg4-CB?-f CBxBD xa.^. _ 
ACf =rAD^4 BD^ 4CB?-KCBxBD x a. Sub. c 
ABj=ADj + BD g. 4 7. 1. 
& C * ^» $ #« 4* C J&« + CQ&xJBJD x 2. « uL Qt E. D. 

PRO P, xm,% 

1 J 

hjtute-sagkd TriaigfrAEG, the Square made of tb+ 
Side A B, fubtending the Jcuti>augk ACB,"« fy> *&w rfw 
^<r«r^ ma^fox the Sides AC, BQ <mp-ehendi*g the J- 
c«te T a*g}e AC B, &jr # bulk fyaan&t contained under one of 
tAe Sue* KC, «*** ate^bout the viente-mge ACB, « 
wA/VA ft* Perfendicular A D /*Kr, andunder<tbe Line DC 
tefc* xwf/w rtr Triangfe, from tht PerPeujicuUr A D* ##, 
the Mute-angle AQB. * 



i 





T * 



Hot 



H 



EuCtU>*<i EtfiMBKTS. 



Book XL 



*+BCq 

Again 

v e. i. 3. 

Laftly 

v c. 4. 5- 



1 

% 

3 

4 

5 
6 







DEMONSTRATION. 

ADtf-f D£f = ACf 47-1. 
A D tf .f BC g -t-P C^ - AC? + 8Cy. ,4*. *i. 
BCtf+DCf =BCxDCx 2 + KD?. 7. 
ADf+BD^+fiC^©Cx*=ACy+BQ. Si*. 
ABa= A r>? + ttPg. 47-i. 

PROP. XIV. 

To find* Right-It** C H, v*ef* Squirt h equdlo a Right- 
Figure given A. 

PREPARATION. 

Make (4%. u) the ReOangle D B — A, and produce the 
greater Side thereof D C to F, fo that C F be =BC 
Bife& (10. ) D F in G, about which as the Center atthe 
Diftance of G»F, defcribethe Circle FHD, and drawing 
outBC, till it touch the Circumference in H, jpynGH. 

* 

I fay, C $ « = 3» 

DEMONSTRATION. 




DC 



/* 



Book II. Euclid's Elements. 



DCxCF+GC« = GF». j. 

CF = BCC^. 

DCxBC + 6C« = GEf. Sub. 

DB+GCj=GFj. 

GH = GF. Def. i«. i. 

GBj — GVq. Ax. 9- 

DB+GC« = GH?. Ax. I. 

GCj + CH} = GHj. 47. I.' 

DB + GCj=GCj +CH?. it£ 

DB = CH«. *<*• "• 

DB = A. Cm^. , 

C$q = 3. ^*. 1. Q.E.F. &D. 



The Bid 0/ tie &ro»<J <Book.. 
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And 


1 
x 


v e. :. 1. 


3 


it 

Again 
50-* 


4 
S 

s 


v e. 4, «. 

Alfo 


7 
8 


ve. 7 .8. 
9—GCj. 


9 

16 


Alio 


11 


•.•e.|io.ii. 
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EUCLID* 
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EUCLID'S ELE MENTS, 

Dcmonftratecl after a New, Plain, and F-a fir 

ME T M oa 



BOOK E 



4^M«WU^I« 




DEFINITIONS* 

fttral Cfatfgf tie fuch, whofc Diameters or Se- 
mi-diaineters are equal. 



meeting 



& )Une fc ftf* to eotfdp * Circle, when, 

with its Circumfercncei, it does not cut. it 
As the Line AR 

The Right-line C B, tUtfi the Circle 1 




Cfa!e* totttfj, when 

ther. 
As the Circles A, B. 



•i ■» i 



The Circle C, CUttf the Ca- 
de B. 



they do not cut each o» 



m 



» ■ ^" 



n 



Book IH. 
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* 



k 



i 






int circle abcd, mitfft>iim a », & <t, an tatu 

to be equally otttant from t&e Center, a j> 

when Perpendiculars fi F, E H, drawn from 
fhe Center E to them, are. equal.- 







A pj 
one Side 
other- by the 

As ABC, ADC 




$ 

ir- — -x: 

Of a€ttcfe, k a Figure terminated oa 
'f»hae, aad on the • y^^sT^s 
of a Circle.. 





an ?*#& & t*fo*o be in a S&ej«ient, when in 

Circumference thereof, feme Point IT Is ~ 

taken, and from it Rightunes B A, BC, , 
ate drawn to ks Bale AC . 

As the. Angle ABC AV ^~^ ^ c 

9tt SUtofe fe trpmt tfjat arc^, to whk&<i< isoppo*. 

fed, . or which is as its Bale, 

As the Angle ABC, is upon the Arch 

A'C* 

, A dbejtO? 'is a Figure contained under . 
two Semicfiameters, and the Arch which 
ferves them for a Bafe. . 

Asthe Figure BCAB. 




fsfmmt &q &ttl EUfSE, ate thofc that inclade equal 
gks 5 or,- in whom the An- 
gles A BQ D E F, are equal 



As the Segments ABC, t> 
DEE. Z:» 




PI O P. 



%i 






For 

Then 

Alfo 

*• C» 2* ^» 

But 
And 



Euclid* 3 Elements* 



Book 



PROPOSITION!. 

Tojmi the Center F, <f s gtven Circle ABC 
PRE t%A RATION. 

Draw a Right-line AC, any wife in the Circle ABC, 
which (10. i.) bifcfifc in E; through E draw (n. i.) a 
Perpendicular B D, and bifcft the feme in F, fo will the 
Point F be the Center. 



/• 



»• ii -• 



i 

2 

3 

4 

5 
6 

7 
.8 




If the Center be faid not to be in B D, and 
ly not in its Center F, fuppofc it in the 
Point G without BD ; and draw GA,GE, 
GC; fo (GC being (Dtf. \6. i.) = GA, 
EC (C<m/t.) = EA, andGE common) 
will Z.GEC be (%. u) — Z.GEA, and 
confequently {*Def. io.i.) Right. 

i &y> t fe t$e Center* 

DEMONSTRATION. 

If the Center fhould be in the Point G, without BD. 

GE<: would be a rZ.. 

FEC.isarZ.. Dtf. io. i. 

£GEC would be = ZLFEC .4*. si. 

/.GECl Z.FEC. j**. 17. 

The Center is not in the Point G, without B D. 

Since for die feme Reafon it is in no other Point without B D. 

The Center is in BD. 

i i* tfce Center. Q* e. F.&D. 

COROL- 




Book 111. 



Euclid's Elements. 



COROLLARY. 



*9 



i 

Again 3 

;• ft 2. 3. 4 

v c 4: J 

But 6 

: d 5. 6. 7 

v e. 7. 8 



The Center of a Circle is in that Line, which felling per- 
pendicularly upon another, divides it into two equal Parts. 

prop. n. 

... 

If in the Circumference of a Circle ABC, any two Points 
A, B, fc taken, the Right- line AB, which joins thofe twe 
Toints, JbaU fall within the Circle. 

PREPARATION. 

Take, in theRight-line A B» any Point D j and from the 
Center E, draw E A, E D, E B. 

1 fey, a$ tan* town m ctwic. 

DEMONSTRATION. 

EA=EB2 Def. i<5. 1. 

LA = LB. 5. 1. 

Z.EDBCT4A. 16. 1. 

Z.EDBCZ.B. Jx. 2, 

EBJTED. 1$. 1. 

EB only reaches the Circumference.' 

E D comes not fo fen 

The Point D fells within the Circle. 

ft* ftflfe toWn ti)t Circle, Qs E. D. 




COROLLARY* 

A Right-fine doth not touch the Circumference of a 
Circle, but in one Point; becaufe if it fttould touch it 
in two, it might be drawn from one of thofe Points 
to lie other, and fo would enter within the Circle, and 
confequ«ntIy cut its Circumference, and not touch it. 

A a .PROP. 



SO 



Euclid's Elements. 



Book IK. 



prop. in. 

If in a Circle A BCD, * Right line BD, drawn thro* 
the Center % btfeB any ether Line A C, not drawn tbrf the 
Center E, itJbaU cut it at Ri&t-aades t and if it a* it 
at Rigfit'ongkr, it JbaJl alfo tifcl the fame 



m 



Suppofc BD to bifefifc AC 



i 

AndU 

And 1 3 

vc. i. a. 3.1 4 

v c. 4. 5 

e. 5. 6 



• .•• 



H n . 



PREPARATION, 



Draw EA,EC. 

I fey, <&f a, eft, Btt tL+ 

* 

DEMONSTRATION 

FA = FC. Bm, 
EA=EC e Def.i6~i: 
EF is common. 

FA=FC,EA=EC,EF h 
7LEFA= £JEFC 8. 1. 

<tf «» €f€ 9 «e tL*. Vef. i«. u <1 E O 




• •Mil 



Right-angles.; 



* ftyitfa=*c 



DEM O N- 



/ 



Book HI 



An* 

Again 

e^t. 3.4. 

V«.y. 



1 

2 

3 
4 

y 

6 
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&BFA=£BPC ,**. ax, 
EA—EC, ££ «*. 1.. 

z.A= £.C. y. i- 

B F is common. 

Z.EBA= zlfiFC, LA=LC, EF is common* 

£$ = £€♦ i6~ 1. Q, E. D; 

PBLQP. IV. 

JjTf» * Circle ABCD, two Right-lines AC, B'D, not 
drawn thro\ the Center F, cut each other in a Point: E, 
thofe two Urns AC,,BD, <& «* a* each other into- two 
equal. Parts.* 



PREPARATION. 



Jfcih EF^ 



i %, ac, ##, 00 not «tt eart) ttt)er t«to tfco: * 




'XT*- 




If AC, BO, £bould o(tt <adh other into two j equal Parts.. 
FEB, FEA, would be tL\ 3.. 
£EEB would 4» — I..BZ&.. «4x.«x.* 
/1FEBC Y'FEA. *fc. J7,". 

ac, #a& 9 t)o not e«t eacD 0tt)ar[<frto ttto eqtrai 

#*#*♦ QJB.D.. 

Aiw. P RLO P.. 



92 






For 

Then 

Alfo 

c 3.2. 
But 



.» • 



1 
2 

3 

4 



Euclid's Elements. Book Hi 

..prop. V. 

If two Circles, BAC, BDC> cut one the etier,ikey 
flail not have the fame common Center, E. 

PREPARATION. 

From the Center 3, of the Circle BAC, draw E A, 
EB. 

i &y, € ft not tfte common Center* 



DEMONSTRATION. 

If E fhould be the common Center. 
EB would be — ^D. Def. 16. x. 
EB = EA. Dcf. *6. 1. 
E A would be = E D. Jx. u 
EACED. Jx. 17. 

€ to not t#e common Center* Q 

PROP. VI. 



If two Circles, B A C, B D E, touch one another inward- 
ly in B, they flail not hate the fame common Center E 







« . * *' .* 



PREPARATION. 

From the Center F, of the Circle B D E x draw F B, 
FD, and produce FDto A 




^mtmm^i 



Book HL 



Euclid's Elements. 



■ ^» m 



n 



V 



For 

Thai 
Alfo 

62.3. 
But 



J( 



And 
i*e* 



x 

2 

3 

4 

5 
6 



I lay, f t* IWt $e 



r mm 



tfentet» 




1/. 



DEMONSTRATION 

If F fhould be the common Center. 

FlB would besFA. Def. 16. x. 

FB = FD. Def. i& 1. 

F A would be =s F D. Jx* i. 

FAC"PD. *&. 17. ^ O 

f ft not t$e common Center* Q, e. r>. 

nok vn. 

^ *«$ Zi*w J* draw* /}•«» **y me Point C, within 
m Circle AFBG, which is net its Center D, to its Or* 
cumfereme: ift. Itotf tine CB, wtofc ^x fW to 
C/*to", tx flbe jpwrfrf •' ad * *** Rtmrnnder of it C A, cw- 
\tinmd to the efPefite *Part of the Chcimijerence, is the 
Uafi : 3d. T&rf Urn CB, «fcfct» ix rorqp the grenteft 
C B, MKfofr *&»/* rifo* *r# aw* reffwre ; 4th. There can 
he m mere tbm two of then equal to etch ether. 

Tbnt Line C B, which fefies tbrf its Center & is the 

greet eft. 

PREPARATION, 
Draw DE. 






I 



X 

ft 

3 

4 






1 (aft for Example, €&C€€% 
DEMONSTRATION. 



CD-f DECTCBi ao. x 
DB = DE. Def. 16. 1. 
CD + DBfTCR Snk. 

t*rce» aaD. 




Bl 



37* 



*• - 



H 



Euclid's Elements. 



B<A>K'JK 



And" 
3 -CD 



) 



3d. 



I 
% 

3 

4 
J 



The RetnamtUr of- it C A, tomtmed to tfc offofte Part 
of the Ciuumferenctf is the Uafl. \ 

• ■ ■ » 

PREPARATION.' 
Draw Ct, DF. ' . 



• • 



I %, for Example, €&~l€ff 

• T 

D £ MONSTUTI OR" 



' 



s • 



DF-]CP-f C£ ,.%fl. i^ 
DA = DF. Def, 16.' i. 
DATCD.+CJv S*J. 



■>J**' , 



•I 



4. • .< 



» » ". * 




And 
. And 

r 



• • 



i 

2 

3 
4 
5 



?h* Lmt C B> vvfxtb is utmefr tU gt# e J} CJ 

1 

That is* Kir "Bxamfcle, €<ffT4Tfl ^ • * i '. 

DEMONSTRATION. 

r 

DE = DF. Def.i6.x~ { 

C D is common. . " •-{ - | 

^.CDEC^CDF. J*ij* 1 

DE = DF;CDT S common, LGbnClCDK 
C<£C"<T#. 24.1. Q. E. D. 



•1 There can le no more than two of them eqtU to each 
other* . • . : ... * " II . : CT ' «r. N tI 



■ *m • * *%* • $ 



Make (* 3. 4.) at the' Center tf> £C D G 4 ££ D F, 
and join C& ' ' I fey, 



Book III. 
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.4 


■ 


1 
• 


And 


I 

X 


.••€.1.2. 


3 . 


v e. 3. 

But 

• 


4 
5 
6 


• 


1 


» 





1 &y, eijete can be no. mwe t$an ttvo of ti&ero e* 
aual to eac$ odjer- 

DEMONSTRATION. 



CD ii common, ' zl C D G = Z.CDF. Confi. ' 

DG = DF,CD is common, Z.CDGsZ,CPF. 

CG = £F. 4. 1. -i 

All other Lines will be either nearer or further off CB. 

All other Lin«s will be either C or. -p .C G, ind <p F- 3d. 7— 

Cftere can fce no move ti&an tt»o of tfjiro equal to* 
WD otfce*. Q»\E, D. . 

pro p. vni. 

#/r«» » Point C y t*fr*~'wt}wt a XkcU KQ^F, , 
maty Lines be- drawn ' to ,'iis titncvrnferewd : ■ ifk.Of <# ' 
iW?. #<** «tfr*J fo ffo Concav*'- £trt\mfereuce 9 that Line 
CB, which Popes thro* the Center D, « the great efi : ad. 
2TW live CB, «»&/<£ « iw^rr/? tfo greatcft CBj exceeds 
ifojk W>i* w* more remote-. 3d. <4»wg ffeflffc *fo* /*B *p- 
0* the. Convex Circumference,' that Line CA, wjft/cib kug? 
continued fajfcs tljrol tie , Cfltfrt', « the leafi : ' 4th. That 
tint C J, *wto i s nearer C A, is Ufs tha/t thofe which 
jtre further of: 5 th. There can }e hut two ental Lines 
draw*, from the fame s?tkt> either to the Cleave or Com*. 
vex Ckcutnfetence* 



r 



• _ 



* 

•• 

* 



- JL Z- 



'A 1 



' u • 



* ,v:<V. 




I 

1 



*. . • 1 



f 



. . ] ,j - • 



• » 



0/ 



3< 



Euclid'* Elembnt& Book HI. 



-./' 



Add 

*• c i. a. 

ic. 



«/..| Of all thtfe that extend fl> the Concave Circmfereme, 
that Line C B, vbitb faffes tbrf the Center D, u the 
greateft. 

¥ RE?ARAT I O N. 



Dciw Dfc. 

I lay, for Example, €$CC& 

DEMONSTRATION. 

CDh-DECCB. *«. i. 
DB = DE. *D<f. iV. i. 
CD+DBCCE Sub. 



I 

s 

3 

4 







, 



And 

And 3 

ve.i.2. 3.1 4 

• M • 



That Line C £,«*"* ix our*? the fftatefi CB, «r* 
o«4r «^ Jfa* «v «#r^ hmmTc , 

1 

PUPARATION, 
Draw CF, DF. 
I lay, for faamplr, CCrr'CJT* 

DEMONSTRATION. 

DE=DF. Def. 16. 1. 



** inn t 1 



I 



CD is 

LCDEC/LCDV. Jx2 17. 

DE = DF, CD is common, LGttC LCD?. 

cecrctf. 14- 1- Qi e- d« 



j^tW^^K 



Book 



III. 



Euclid's Elements? 



$1 



i.e. 



Again 
4— AD 



• • 



i 

2 

3 

4 
5 



<<faftg *Jfo/<? that fall upon the Convex Circumference, 
that Line CA, which being continued ftfes through the 
Center, is the leaft. 

PREPARATION. 

Draw DI. 
I fay, for Example, €&~l€% 

m 

DEMONSTRATION. 

CD"3CI + DI »o. i. 
CA + ADlCI + DL 

DI = AD. Def. 16. i. 

CA + AD"3CI-*-AD. Suh 

C&~?C9» Jhc iS. Q; E. D. 

That Line C I, which is nearer C A, is left that thoje 
which are further off* 




i * 



PREPARATION, 



.— ■ * 



And 



x 
* i 



v ci. i.l 3 

3-DH 






Daw DH. 
I fcy, for Example, €%~l€W 

DEM OMStRATION. 

CI + DnCH + DR ai. i. 
DI=DE *Def. 16. i. 
CI + DmCH+DH. Suk. 
€%-}€%• Jx. it- C^E. D. 



"S<*. 



w ea«il Lines drawn, from the 
Concave «r Cmex Ciramerence. 
C c " R **: 



9* 



And 
vi. a. 



• • 



Again 

And 
ycy.tf. 

* v e. 7* 

,v 4> o. 
But 



Euclid's Elements* 



Book IIL 



Z.CDF, 



PREPARATION. 

Make (23. 1.) at the Center D, £CDG: 
Z.CDK=Z.CDH, and draw CKG. 

I &y, zifttt tan te but ttno equal Xintst oraton; 
from t&e tame point, eft&et to r$e Concate or 
Confcer Circumference* 



• • 



3 
4 
1 

6 

7 
S 

10 

IX 

12 



DBMON&TRAT ION. 




DG=DR. Def. 16L u 
CD is common, £CDG= £CDF. Crff. 
DG=DF, CD is common, Z. C D-G = /. C D F. 
CG = CF. 4. 1. 
|DKt=DH. *Dtf»i6* r. 
CD i& common, Z.CDK= Z.CDH. Confi-. 

DK = DH»CD is common, £. CD K= Z.CDH. 

CK=CE 4: i. 

CG=C^CK = CH. 

All other Lines will be cither nearer or more remote front 

CB and CA.. 

All other, Lines will be either rorlCG and C F, CK~ 

and CH 2d. and 41b. 8. 

Cfcere caw fce tout to equal tints oraton, from t$e 
fame point, either to tt)e Concatoe or Confer tix* 
cumference* Q. e. d. 

pro p. ix - ' 

That Voint, from whence three equal Lizes ATJ," A C y 
AD,c«i le drawn tathe Qkrcumferenct \of a Ciule ABCD, 
is its Center. That 



99 



♦. 



But 



•••• 



x 
3 




Book III. Euclid's Elements, 

% 

I That is, a te m Center* 

DEMONSTRATION. . 



Mere than two equal Right-lines cannot bo 
drawn from a Point out .of the Center to 
the Circumference. 4th. .7. 
AB = AC=AD. Hyp. 

a fe it* center. Q» & d - 

P R O P. X. 

Two Circles AEBD, ABDF, comut cut task 1 other in 
time than two Points, 

PREP A R A T I O N. 

If AEBD, ABDF, be faid to cut each other. in more 
than two Points A, B, D; find(i ) die Center (^of the 
Circle AEBD; and draw CA, C B, CD, which (fief. 
1 6* 1.) will be equal the one to the other.. 

i %,&<£*&> &#&£, cannot cut eacfj ot$er to 
more t$fan VW |&oint& 



• • 



For 
Then 



AU03 
* e. z. 3. J 4 



But 



'S < 



6 







D E M O $ S/T R At IQ K-: 

if AEBD, AB DF, fliould cut eacfr 
other in more than two Paints. - 
C would be die Center of the Circle: 

ABDF. 9. 

C h the Center of the Circle AEBD. 

Two Circles which cut each other, would have the fame 

common Center. 

Two Circles which cut each other, have not the feme 

common Center.- 5. 

a c # &■, a # & «f, cannot cut eacfc otijer jfc* rooje 
tyanttoo #oint$. QtE^D. 

Cca PROP 






*00 



Euclid's Elements. 



BookUL 



p R 0>P. XI. 



If two Circles, ABC, A D E, ttmcb each other witbhty 
at the Pomt A, the Rijbt4ine draum thro 1 their Centers, 
being frodmxiy will fafs thro* the Po*t of Cmaff. 

PRE PA RAT ION. 



For 

Then 
Nowh 

i- 1. 3J4 
But 1 5 






Draw GA,GD, FA. 

&y, «t>e XtqfiUint mm tiw? tfrit G 
if* ttytf m Qoint of Contact. 

DEMONSTRATION. 



!»»* 



toffi 



If the Points G, F, were their Centers, fo that 
the Right-line drawn tare' them fbould pais 
thro* other Points. 

GA would be =GD, FA would be =FB. 
Vef. 16. 1. 

GATGF+FA. 20.1. 

GD would be^lGF + FB. S*b. ^ 

GDrGFfFl j£ 17 . -— 

The lllght-line drawn thro 9 their Centers will not tail 
thro' other Points. *^ 

cte 3tfo$t4foe otatDtf ttyro'ffiefe centers coOl pat* 

tfttff m *otot of Cottfact. afi.ni 




prop; 
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1 01 



•For 



Then 
Now 

But 



• 



3 

4 

5 
6 



PROP. XII. 






/f tvt>o Circles ABC, DBE, row* each ether witbtot, 
at the Pomt B, fib* Right-line drawn tbrc? their Centers 
will fafs thro* the Point of Coutaft. 

PREPARATION. 
DrawGB, HB, GH. 

i 

i%, c9e mtfjWvtz mfan mo'ttyit carter* ttftt 

paSfi e&o* t^e ffrofot of Contact. 



DEMONSTRATION. 



If the Points Gy H, were their Centers, fo that the Right* 
line drawn thro* them fhould pafs thro* other Points. 
G A would be = G B, HD would be = HB. Def. id. i: 
GH-3GB + HR ao. i. 
GH would beTGA-fHD. && 

GHCGA + HEX Jse. 17. 

The Right-line drawn thro' their Centers will not pals thro' 

other Points. 

c$e mtffrftot fcratott tijuo' tfceit Cdttetf totti pa$ 

t&tf t$e ftotttt of Coma*. Q, e. a 




Od 



tROPJ 
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J%p. 



Euclid's Elements. Book IH, 



PROP. XIII. 



Tw0 Circles ABC, ABD, touch each ether mily rM one 
Peat, whether it be imthiu er vuthq*. 

Suppofe tbem to touch within, at the Point A. 



PREPARATION. 



For| i 
Then 
Now 



• » 



. c. ». 3. 
But 



* 

3 
4 
5 



v|tf 
7 



• • 



Hjf. 



Having drawn thro' their Centers E, F, the Right-line 
EF, which being produced, will ( n. ) pafs thro' the 
Point of Conta&j draw the Bight-lines EB, FB. 



»y> Wm totw$ ottff in one #ewt 

DEMONSTRATION. 



If they fhould touch in another Point ; as.B. 

EA would be = EB. Dcf.16.1. 

EB-hEFC'FB. 20. 1. 

EA + EF would beCTFB. SuK 

EA-f EP = FB. Def. 16. 1. 

They do not touch in another Point ; as B. 

Ctef towdj tmlv in one $ofnt. Qs E. D. 







Suppofe them to touch without, atr the Point A. 



PRE- 



Ill 



r 



•A 



For 

Then 

Now 

e. a. 3. 



1 

x 

3 



But 5 
6 






• 



■\ 



Euclid's Elements,- 

ft. rn^+H ■■ 

IRE-PAKATLON. 



K)^ 



- Having drawn thro* their? Centers.^ F, the Right- 
line E F, which ( 12.) will pafs , thro' the . Point of 
Contact ; draw the Right-lines E B, F B. 

1 &;, %fm toocfj only in one point 

DEM ON ST RATIO N*. 




1 

If they ftiould touch in another Point ; as B. 

E A would be = E B, F A would be = F B. tiif. id. i. 

EB + FBCEF. 20, i. 

EA4-FA would be C*E:F. Sub. 

EA + FA = EF. 

They do not touch in another Point; as B. 

CJ^er tow!) onl? in onz point Q. E. D.. 

PRO P. XIV. 

In a Circle A B D C, equal Right-lines A C, ; B D, are * 
equally diflant from the Center y and Right-lines A C, BD, , 
equally diftant from the .Center t are equal. . 




■ Supppfe 
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Htf. i 



Agaiif 
4©.. 2* 

3 ©•• 2. 

5-T + 



I 
■% 

3 

4 

J 
6 



^Euclid's Elements. Book in. 

Stfppofe AC=iBD. 

PREPARATION. 

■ 

From the Center % draw die Perpendiculars EF, EG, 
which ( 3. ) ^iU bifed 4ht tin* AG, ID, and join 
EA,EB. 



i fry, at, *>, Ate Hkuallf tttaiit torn flfc 
tf$ttt$& 



D E WON ST RAT fON, 



ACrrBD. ffjf. 

AFsBG. j<x. 8. 
EA— EB. Dtf. 16. i» 
AF.f=rBGf. -Jk.*. 
EA? = E6#. -jfe.$. 
EAj- AF? = EB# 




i. e.1 7 I EP q =s E*Gf . 47. 1 
- - 8 |EP = EG. A. 10. 



BGg. j6c. X2. 



71*2 
v c.'8« 



*$?• 



j a«, #p> ate eonaOf Diftant f ram *$e tttttfefc 

Defi, 4* Q, E. D. 



Suppofe AG, BD, equally difaft fan the 



-< I . • H 



'DEMON* 



< 



Book llf. Efocfc&'« Ei>EMENra 



10$ 



And 

I. ©■• 2. 

4-T3- 
1. e. 

c-7. 



• • 



* 

3 

4 

J 
6 

7 
8 



•\ T 



4 . 



'/ 



• • 



X 

And':* 

Again 4 
5 



r *• 3/ 4* 
i. e» 



DEMONST-HATIO.N. 

EF=EG. Ifcf. 4. - 

EA=BB.'.W- i^«.' 
EFjr = BGf. Jx.9* 
EAq=EBq, Jx. 9* . . 
EA^—EF^ — EB^ — EGj. X*. 12. 

AF; = BG;., 47. u • 
AF— BG: Ax.\o. 

ac=#». -<**. 7-. <i E - D ' 

PROP. XV. 

» 

Jf fever d Right-tines A B, C D, E F, fcj Sunm in a Cfc 
jib AHBG, the greateft is the Diameter AB, anithpt 
Ttihicb ir near eft ■ the Center N, is- greater 4pm that.uibicb 
is further off. 

Tbegreatefi U the 'Diameter A B. 

PRE PA1AT JO Ki 

• # \ » 

0»w NC, KDl 
I 6ft 'for Exanipk, itfC"C& * 

D £ M O K S T;H-A'T ION. 

NC=NA. Defi. 16* 1. 
ND^NB. Def.if.u 

NC + ND = NA+.«Bj 4*>** 
NA + Nt<rCD. jt«. 3. 

a»trc». Q.E.D. 

Ee Ibat 



\ 




;Crf- 



*o6 



> And 



vie. 1. 1. 



* • 



e.3. 



1 
% 

3 
4 



Euclid's Elements*; BookJJL 

That wbieb is ntsrefl the Center, is grenter than that 
wbscb isfkribtr off. 

P R E P A R A T I O N. 



Draw NE, NF. • 
I fay, for Example, €&C$f. 1 

DEMO N S T R A f I 6 N. 



* * * 




> 



NC^JJRND-NF. Def. 16. 1. , 
/.CNDt/jlENF. Ax. 17. 

C8>tretf* 24-1- QiE.d. 

PR OP. XVI. * 



'» 



* t 



A eerfendtcww une CD, drawn tM the Extremity of 
the Diameter of a Circle ALHG, is n/bolfy voithmt the 
Circle ; and any other nightAine A L, drawn from the 
Point of CmaH m# the Ctrcmfetencc, f& wttbtn the 

QtTClC* 

PRE PARATION. 

Draw BE 



I &y, C» i$ UftBf Hfflm m Cfrtfk 



I>BMON: 



I Beta* III 



t 



ve,i. 

ve. 2. 

ve.3. 

Now 



4* d 7 



1 * 



1 

U 

4 

5 

6 



* k - • t 



8 



v«.i. 



• • 



«-3- 
Now 



• .• 



• • 



1 

% 

3 

4 

5 
6 

7 



» 



D EM OR8TRATION, 




FABms a rZ.. D«f. 10. 1. 
£ F ABC £ A F B. 31. 1. : ' 

BFiTBAi- 19! 1. - ...."* ; ... ; 
1 he Point F is further from the Center tliaO the Point 
The Point- A is in the Circumference. ! 
The Point F is without the Circumference. 
Since (or the fame -Beaton every ; .other.Poiat uj CD is with- 
out the ^ircum|brc.nce,' oefides A* / . " 

C & 13 mpUi tott^out $e CtfCTc Qj E< D.„ 



EREFAJL.A,TIQ N* 



t 



1. fcy>, 9 % ttOa to tt&rt %. Circle, 



# • . • 



RBM.ON8.TR AT I O N., 



i. ■ ♦. 



» » » 



BE A is a rZ.. Dtf. 10. 1. 

LBEAr-LZAEs 3*. i». 

B ACT BE. ip. 1; 4 

The Point B is nearer, the. Center. than tht Point. A . 

The Point A is in the Circumference. 

The Point B is* within, the Circumference.! 

a* fell* tottOfo tt* cfrcfc a e. a. 



• . 



Ct3R:OLLA*KY. 

A' Right-line drawn thro' the Extremitv : oftthe DiaV?- 
meter of a Circle, and at Right-angles, is, (tyr/C. 2.) *a* 
^Tangent to. th# laid Circle 



EjS.ZiC .v 



FRTOP... 




ro8 






And 
c-3, 






x 

I 

4 

5 
6 



Eoccnft Elements/ 

prop; : xvfr. 



fiUoxiir. 



''.' C 6. 



From a Point give* A, to -draw s BJ$t-liMeJL.C, vebkk 
frail touch + Circle given DCBF. ; J - 

PREPARATION. 

From the Center D,of the Circle DCBF, let ai Line DA, 
cutting die Circumference in B, be dra wi to fthe given 
■Point A •, from the Center D, at the Diftance IDA, de* 
fcribe another "Circle D A E G, and from B, draw a Per- 
pendicular to A D, which wilt meet the w irele DABG, in 
the Point E j then having drawn fi D, meeting with the 
Circle DCBF, in the Point- C, draw AG 

< • 



DEMONSTRATION. 

DB='DC, Dfi = DA. Def. 16. u 
CD is common. 
DB = DC,DE = DA, LD is common. 
£.DBE=:ZJDCA. 4.1. ; , 

03 E », a rzl. D//. io. s. i 

DCA is a'rZ.. ' « 

31C tmrcty* tip Ctefe W&f. Cor. if. 




Qe.Dw 



b " 



1? R Q P. XVffl- 



If a Kight-hno A B, fro* * tfrifr PEI)C,|«rf /raw 
fib* Center F, ft *fe Pa* rf* C«*fci# E, 4 ' Right-Hie 
PR be drawn $ that Line FE, « fer^enaienhr to the 
Tame* AB» I 

' PRE- 



I 



Book III. 






For 

Then 

.* c *. 

But 



• • 



<• • 



Euclid's Elements. 

PREPARATION. 



J05> 





If F E be faid not to be 1 A B> let 
any other Line FG be J.AB, fo(£F 
GE being (Def 10. i.) Right, and confe- 
quently (ja. i.) C" Z.F EG) willEE be 
(19. i.)C that Line FG. 

i6y,areia*. 



DEMONSTRATION. 

If any other Line, befides FE, fhould be J_ AB : as FGv 

FE would be £T that line FG. 

A B would cut the Circumference. 

A B does not cut the Circumference. < Def. 2. 

No other Line, befides F E, is ± A B. 

f€±%18>. Q;E.D. 

PROP. XIX. 

If a Right-Use AB, touch a Circle CDEG, and from 
the Point of CentacJ C, a Right-line C E, be eretted at 
Rjght-angles to the Tangent, the Center of the Circle is in 
the Right-line C E fo ereBcl 



PREPARATION. 

If the Center be iaickaettobe in CB, 
let it be in any Line C F, on cither 
Side CE, fp fCF b<in g ( l8>) 1: g% 9 

and confeauently (£>ef. 10. 1.) Z.FCB 
Right) will Z.FCB, form'd by that 
Line and the Tangent C B on either 
Side CE; be (Ax. 21.) = Z.ECB. 

1 fay, Cfce Center fe in € e 

f f 




—B 



DE- 



IIQ 



Euclid's Elements. Boom III. 



For 

Then 

But 



• -• 



Cafe 



3 



v e. i. 

Again 

e 1.3. 

i. e. 

Cafe 



1 

2 

3 

4 




DEMONSTRATION. 

* 

If the Center fhould be in any Line 
C F, on either Side C E. 
L F C B, formed by that Line and the 
Tangent C B, would be = L E C B. 
L FCB is either £TorTZ.ECB. 
Ax. 17. 
The Center is not in any. Line CF, on either Side CE— 

Cije Center to in C e a E. D. 

PROP. XX. 

An Angle at the Center of a Circle A B D E, is always 
double to the Angle at the Circumference, when both the An- 
gles {land upon tbe fame Arch.. 

If one of the Sides D A, of the Angle at the Circumfe- 
rence D, be in a Right-line with one of the Sides C A, of 
the Angle st the Center B C A. 

DEMONSTRATION. 

CB = CD. Dtf.16.1. 
L B = L D. 5. 1. 
ZLBCA=Z.B+£D. 32. 1. 

iBCA=AD+Z.D. S*k. 

m 

If the two Sides D B, DF, of the Angle at the Circum- 
ference B D F, inclofe the Angle at the Center B C F. 

PRE- 




t 



Book III; Euclid's Elements. 

PREPARATION. 

Draw the Diameter D A. 

I fay, L »<t# = *4»»f. 

DEMONSTRATION.. 



Ill 



And 

i + » 

AUb 

•' «• 4- 3 
Again 
«xT 

•e.f.7- 



And 

I — 2 

Alfo 

■ «■ 4- .3 
Again 
6xT 

• «• 5-7' 




iBCA = j/.BDA. Cafti. 
£FCA = iiFDA..CY". 

ABCA+iFCA^i/ BBA + siFDA. An.' 
ABCA+zlFCA = ^BCF. .4c. 1 8. 
iBCF=iiBDA + iLFDAA.i. 
iBDF=£.BDA + lFDA Ax. xi. 
2 £ BDF= 2 L B D A +■ i L FDA. A. 13. 
£»<C3f = 2/.'JB©jf. *4x..i. Q^E-D. 

If one of the Sides DB, of the Angle at the Circumfe- 
rence FDB, cut one of the Sides CF, of the Angle at the 
Center FCB. 

. PREPARATION. 

From the angular Point D, draw the Diameter DA. 

I fry, Z. ff C »=*£*»». 

DEMONSTRATION.. 

£FCA = t£FDA. Cafc-i. 
iBCA=l L BDA. C«/» 1. 
iF.CA-iBCA = iiFDA-i/. 
BOA. Ax. 12. 

Z.FCA— /1BCA= £ FCB. 
iFCB=ilFDA-r J /BDA. Ax. 1. 
iFPB = Z.FDA-iBDA: 
>£FDB=iiFDA-./.BDA. *4*. 13. 
Lf C» = 2Af E>28. *4*.r. aE.D. 

Ff. - PROP- 
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1 



Cafe 



Alfo 

.'C. 1.2. 

Cafe 



2 

3 



i. c. 

.Again 

And 

i. c 



3 
4 

5 

|7 




Euclid's Elements. Book III. 

PROP. XXI. 

I* a Circle A BCD, the Jngles DAC, DBC, ate* 
1 4r* /* the fame Segment y are equal. 

. If the Segment A B C D be greater than a Semicircle. 

PREPARATION. 

From the Center E, draw E C, E D. 
I lay, Z.J»aCa»£9*C. 
DEMONSTRATION. 

Z.-E = iZ.DAC. 10. ' 
ZLE = »ZLDBC. 20. 
»1DAC = 2 £DBC. Jx.i. 

If the Segment ABCD, be equal to, or Ids than a Se- 
micircle. 

PREPARATION. 

Draw AB. 

DEMONSTRATION. 

/1ADB=Z.BCA. Cafeu 
Z.ADF = £BCF. 
£DFA = Z.CFB. iy. i} 

PROP. 







Book III. 



*♦-• 



And 

i. e. 

Againj 

Laftly 



Euclid's Elements. 
prop. xxir. 



113 



3 \L 

L 

5 \L 
6 



7 — 6 8 \L 



^^^ej^rfaqMafrilateralFttm 
a Circle, are taken together, equal to twoRi^j^ks. 

PR EPARATlON. ' 
Draw A C, BD. 

DEMONSTRATION. 

zlBDA = Z.BCA. *i. 
/1BDC=£BAC a 1. 

ADC = £BCA + Z.BAC 

ABC + Z.BCA + Z.BAC=ir/' ,, 
^ABC-fZ,ADC = *rZ\ Sj * J * # 

£ABC + /LA DC 4. L BCD+ Z.BA © - 
Cor. *. 7j&a t. i. * ~ — 

BCD-}- Z.BAD= 117:.. Ax. i» 

a»C+ Z. a^C,or, Z. »<R&+ £ »3©=-atr L *. 




1. 



•4rZ.% 



Q,E.D. 



XXIII. 



\mfaT * ^ *" L *~V«* AQ&* js2 




Gg 



PRE- 



H4- 



For i 
Then 1 * 



But 



• • 



3 



For 

Then 
v e. 2. 
.• e. 3. 



v e, 4. 



Euclid's Elements. 



Book III 



PREPARATION. 



Draw CB, cutting 
join A B, AD. 



amfla* 



p Jc, MONSTRATION 






/ 



/ 




If A B C, A D Q were fimilar. 

Z.ADC would be = Z.ABC. Def. 9- 

Z.ADCC' L ABC. 16. 1. 

&)GC &&C> apt tfotCmflar. Q.E.D-. 

PR O P. XXIV. 

Similar Segments of Circles, ABC, D E F, fet ufon ep4 
Right-lives £ C, D Fj are equal one to the other. 

That is, a#C = 3D<etf, 

DEMONSTRATION. 



2 

3 

4 






»» 





J> 

If ABC be placed on DEF. 

A C being = D F. Hyp . 

The Point A will M on D, the Point C on F. 

ABC, DEF, will ftandonthe fame Right-line, and the 

fame fide thereof. 

&jb€ = &€f* 2 3« 0: E. D. 

PROP. 



V"»^ 



Book IIL Euclid's Elements; 



vex. 

y e. 2; 

ye. 3. 



3*5 



I 

X 

3 

4 



PROP. XXV. 

m 

The Segment ABC of a Circle leing given, to find the, 
Center of that Circle- 

m 

PREPARATION. 

Choofc at Pleafure three Points A, B, C, upon the Cir- 
cumference ABC, and having joined the Right-lines BA, 
B C, and bife&ed them at the Points D, E, cre£fc on thofe 
Points the Perpendiculars D G, E H. 

ifcy, f in tt)e Center, 

DEMONSTRATION* 



«.* * 




DG bifeas BA, EH bhccls BC at tLu Confi. 
The Center is in D G and E H. Cor. 1. 
The Center is in their common Interferon* 

f in m Cente* Q;E.f.&d. 



• ~<tf 



« •■ 



Gg * 



£ROP. 



II* 



Andix 

vc'i.j. 3 
vc 3. 4 

a* * 15 
Alfo 6 

A* C 5. 6.1 7 



Alfo 
••• e. 7. 8. 

'•* c. 10. 4. 

v el 1 1. 

V 6 12. 

Alfc 
13 



H 



8 

9 
10 

11 

12 

13 
H 



Book II L 



Euclid's Elements. 

prop. xxvr. 

In equal Circles, A I C B, D L F E, equal Angles ftandmf- 
on equal iArcbes of the Circumferences, A I C, D L F, vote- 
tber thofe equal Jngles he at the Centers, as G, H, or at the 
Circumference si as B, E. 

PREPARATION. 



Join AC, DF, 
I lay, atcft fl£C 



am »**. 



DEMONSTRATION. 





V 






GA=HD, GC=HF. 2># 1. 

z.G=Z.H. J*W>. 

GA-HD,GC=HF,Z.G=^H, 
AC=DF. 4. 1. 

;/!G=XB. 20. 

|^H=£B. Ax. 8. 

4- Z.H = Z.E. 20. 

£B = Z.E. 44^.8. 

The Segments ABC, DEF, are fimilar. DeK «. 

The Segments ABC, DEF, are fimilar, and Aandon o 

qual Lines AC, DF. ^^ 

Segment A B C = Segment DEF. 24. 
Arch ABC = Arch DEF. 

5jarc^aa«=aw^^}tf. ^. xa . q,e.d. 

1 PROP. 



1 



Boor III. 



ve. i. 
i.e. 

3-r- x 
Alfo 

*• c* 4* 5 • 

Alfo 

v e« 7. 6.. 

ye. 3.8. 



1 

2 

# 

3 
4 
5 

6 

• 

7 
8 



Euclid's Elements.- 
prop. xxvii. 
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• 

J* equal Circles, A B C, DBF, the Angles /landing uf^ 
on equal Arches of the Circumferences A C,- E> F, are equal 
between themfelves, whether they le made at the Centers, 
as G, H, or at the Circumferences, as B, E. 

That is, L m = /.#♦ £»==£€. 

DEMON8TRATI ON. 





C"D 



A C, D F, are equal Arches of equal Circles. H$. 
The L % which they meafure are equal. 

;^G=|£H. Ax. 14. 
Z.E = i.Z.H. 20. 
4-£G=Z.E. Xv. 8. 
t^-G=ZLB. 20. 
Z-B==Z.E. ^x. 8. 

PRO]?. 



Qs E. D. 
XXVIII. 



7» fjf*tfl Circles, AT C B, D K F E, ^Z tVgbt-lines 
D F, «tf qff e^«^ Arches of toe Circumferences, the greatejt 
ABC equal to the greatejt D E F, and the leafi A I C, e~ 
qual to the leafi D K F. 




PRE- 



Ii8 



And 1 2 
3 



v e. i . x. 
v c. 3. 
v c 4. 

Alio 






4 

5 
6 

7 
8 






Euclid's Elements. Book III 

PREPARATION. 
From the Centers G, H, draw G A, G C, H D, H F. 

i fay, aw*>a*c=arc&jD<£if. ar# a3lc=a«fr 

DEMONSTRATION. 




GA = HD,GC = HF. <Def. 1. 
AC = DF. /[to. 

GA=rHD,GC=HF, AC=DF. 

Z.G=Z_H. 8.1. 

Arch AIC = Arch DKF. 26. 

Arch ABC+ Arch AIC= Arch DEF-f- Arch DKF. Hyf- 

Arch AB C = Arch D E F. Ax. 12. 

a?# a#C:= aw& &&f. atreij auc= an* 

#*#♦ Q.E.D. 

PROP. XXIX. 

. H equal Circles, A I C B, D K F E, equal Arches A I C, 
DKF, are fubtended by equal Right-lines AC, DF. 

PREPARATION. 

From the Centers G, H, draw G A, G C, H D, H F, 
and join AC, DF. 



I fay, aC=3&tf* 



! 



DEMON- 



Eook m. 



And 
ve. 2. 

;* c r. 3. 



v e. 1 . 

Again 

: e. 3. 2. 

v e. 4. 



1 

2 

3 
4 
5 
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z 

3 
4 

6 



Euclid's Element*, 

demonstration. 



«£ 




GA = HD, GC = HF. Def. 1. 
Arch AIC= ArchDKF. .Hyfv 
£G=Z.H. * 7 . 
GA = HD,GC=HF, £G=zlH. 

ac=^f» 4. k Qs Ei D. 

Note. 7%« and the three precedent Profofitions may I* m- 
derfiood alfo cf the fame Circle. 

PROP. XXX. 

To cut a Periphery given ABC into two equal Tarts, 

PREPARATION. 

Draw the Right-line A C, and bife& it in D ; from 
D draw a Perpendicular DB, meeting with the Arch in 
B, and join AB, CB. 

i lay, arcf> 323= a«# era* 

DEMONSTRATION. 




ADB, CDB. are tL\ Def. 10. 1. 
7lADB=£CDB. Jx. 21. 
AD-DC, DB is common. Confi. 
AD=Dl, DB is common, Z_ADB=ZLCDB. 
A B — C B. 4. 1. 

atxfc a# = attfj c#. **. Q: e. f. & d. 

H h 2. P RO P. 
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/C- I. 

Again 

2 + 4. 

Alfo 

.' C. J. 6. 

Le. 

*•* C* o» 

e.9.1 



• • 



Euclid's Elements. Cook 111 



« 



• • 



Laftly 
Bute. 10. 
ve.11.12. 

Vc. 9. 10.13. 



~P -R O P. XXXI. 

In a Circle ABFCG, the Angle ABC, which is at 
the Semicircle A BFC, is a Right-angle ; the Angle 
BAC, w&c/j is in the greaser Segment BAGC, is A' 
cute t or lejs than a Right-angle ; and the Angle BFC, 
vpbich is in the lejj'er Segment BFC, is Obtu/e, or greater 
than a Right-angle. 

PREPARATION. 

From the Center D, draw D B, and produce A B to E. 
I fay, L%&€ i* Wtf)t. LT£>%<1 a«ffc. /.##€ 

tiPbtufe. 

DEMONSTRATION. 



•li l)A = DB. Def. 16. 1. 

2 cl.A=£DBA. f.i. 

3 DC— DB. Def. 16. 1. 

4 Z.DCB= LDBC. 5. 1 . 

5 £A-fZ.DCB=Z.DBA-}-Z-DBC Ax.u. 

6 :A-fZ.DCB=£EBC. 32.1. 

7 Z.DBA-|-zLDBC=Z-EBG Ax. 1. 

8 ZLABC=Z.EBC 

9 ABC is a r/.. Def. 10. 1. 

10 Z.BAC is Acute. Cor. 1. 17. 1. 

11 Z.BAC-4-Z-BFC:=2rZ-\ 122. 

12 Z.BAC is Acute, or ~] a rZ. . 
Z_BFC is Obtufe, or C* a r'- 




*3 



/_a^c faitosbt. Z-^ac acute. z.#<ff c aDbtofe. 

Q: E. D. 

PROP. 
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ve. i. 

vc. 2. 

€.3. 

v e. 4. 

ve. j. . 

Again 

v e. 7." 

v e. 8. 6. 

P—AECD 

Laftly 

"v e.ic.n. 

Alfo 

ve. 13.12. 

I+-/.ECB 

ve. ib. 1 j. 



1 

1 

3 

4 

6 

7 
8 

9 



1 



If a Right-line A B touch a- Circle, and firm the Point of 
ContaH C, be draw* a Right-line CE, cutting the Circle, 
the Angles E C B, E C A, which it nukes with the Tangent 
AB, are equal totbofe Angles E D C, E F C, which are made 
m the alternate Segments of the Circle, 

PREPARATION. 

Let CD, the fide of the ArtgleEDC, be perpendiciH 
lar to AB, (for it is to the fame Purpofe, fince (2 7 .) all 
the Angles which ftand on the Arch EFC are equal) ant! 
taking any Point F, in the Arch EC, join DE,EF,FC. 

fay, Lt€ft= L€&€* Z-«5C8 = 
DEMON5TR ATI O N. 




Cor, 3. 32. 1, 



o 
1 
2 



CDXAB. Confi. 

The Center is in C D. 19. 

C D is the Diameter. c Def. 17. 1. 

C F E D is a Semicircle. 

DEC is arZ.. 31. 

Z.EDC-+- Z.ECD = rZ.. 

D C B is a rZ_. *Def. xo. 1. 

Z.ECB4-Z.ECD = rZ.. 

/LECB-l-./LECD=£EDC4-/lECD. Ax. r. . 

Z.ECB=Z.EDC. <Ax. «. 

ZEDC-j- Z.EFC=VrZ.». 22. 

£ECB-l-Z.EFC = 2rz.'. Sub. 

Z.ECB + Z.EGA = *r£\ '13. f. 

LECB+ Z-ECA = Z.ECB + Z.EFC. Ax. 1. 

Z.ECA= Z-EFC. Ax. 12. 

zeC»=If3&C. L®€%~Ltf€ t Q:E.D. 



I 



Ii 



PROP. 
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v e. i . 

Again 



e. 2. 3. 



3 



v e. 4. 

Alfo 
••* e. 5. 6. 



5 
6 






Euclid's Elements* 

PROP. XXXIII. 



Book III 



Upm a Right-line A B, to iefcrile s Segment tf 4 CircU 
A I E B, which flail contain an *Angle A I B, coital to agnen 
Right-fined Angle C. 

PREPARATION. 

Make (a 3. 1.) L B A D = L C. Through the Point A, 
draw (1 1. 1,) the Line A E perpendicular to H D. At one 
End of the Lint A B, make L A B F = L B A F, and let 
one fide thereof cut A E in F. From the Center F, thro' 
the Point A, defcribe a Circle, which (becaufe L A B F = 
L B A F, and therefore (<5. 1 .) F B — FA) will alfo pafs 
thro' B ; and to any Point. I, in the Periphery A I E B, 
draw AJ, BL ' 

DEMONSTRATION. 



HD is drawn through the Extremity 

of the Diameter A E at rZ. *. 

H D touches the Circle. Cor. 1 6. 

A B drawn from the Point of Contact, 

cuts the Circle. 

H D touches, and A B drawn from the 

Point of Conrad, cuts the Circle. 

l.AIB= Z.BADJ 31. 

Z.C=Z.BAD. Conft. 

i- & 91 # = L€. Ax.i. QiE. F. &.D. 

PROP. XXXIV. 

from a Circle given ABC, to cut off a Segment A B C, 
j containing an Angle B, equal to a Right-lined Angle given D. 
I PRE- 




Book III. 
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V C I. 

. Alfo 

^C 2. 3. 



x 

3 
4 



Cafe 



And 
1x2 



1 

2 

3 




# « 



Draw (17.) a Right-line E F, touching die Circle given 
in A j alfo draw AC, making an Z.FAC = z_D; and to 
any Poiut B, in the Periphery ABC, draw A B, CB. 

Hay, Lft?=L&. 

DEMONSTRATION. 

E F touches, and A C drawn from . 
the point of Conta£L cuts the Circle. 
^FAC = LB. 32. » 

Z.FAC=/LD. Conft. 
LTb=-L&. oAsc 1. Qi E. F. & D. . 

PRO P. XXXV- 

If in a Circle ACBD, two Right-lines A% DC, cut 
each other, the Rectangle ca nUuned under the Segments A E, 
E B, of the one, is equal to the Rectangle contained under the 
Segments CJE, E D, of the other. 

If the two Lines cut each ether in the.Center E. 

I fay> a d* x C# = C.€ x <£ J&. . 

DEMONSTRATION. 



A E — C E. 
EB = ED. 



Def. 16. 1. 
Def. 16. i, . 




J#. 13. QtE. D. 



Li 



If 



?lc24. 
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(CM* 



6 — 



«. 



And 2 

3 ©■ 2. 

c. i. 1. 
Alio 

•e-4-5 
EFy. 

Again 

And 

e. 8. 9. 

i.e. 

e. 7. 11. 



oy* 



3 
4 

5 
6 

7 
8 




9 

10 

11 
12 



3 



> 



\ 



If one line AB, pals through the Center F, and cot 
the other D C equally, and consequently (3.) at Bight-An- 
gles; in B. 

PR E P A K ATION. 

Draw FD. 

I fay, &<£x<££=C<£x$&. 

DEMONSTRATION. 

AExEB-f EF? — FBf; 5. a. 

FD = FB. D<£ itf. 1. 
FD^=rFBjr. ^.9. 

AExEB + EF ? = FDf ^ u 
EDj + EF^FDj. 47.1. 

AExEB+EF ? =ED ? + EFf ^. u 
AExEB = EDf ;**. 1 a. 
CE = ED. Conft. 
CExED^rCExED. 

C E xED = E D x E D. S&. 

CExED = EDj. 

a<£xG# = C<£x0^ ufe. 1. (^ e. D. 

If one Line AB, pafs through the Center F, and cut the 
other D C unequally in E. 

PREPARATION. 

Bifeft (3.) DC, by FG a Perpendicular from the Cen- 
ter ; and draw F C. 

l ~&y, 4€x€£ = t€x$9, 



BE 




Boole III. 



i + FG? 
Again 

v c a. i 
Alfo 

V e. 4. 5 
Laftly 
7©. 2. 

v c 6. 8. 
Alfo 

ve.10.9. 

xx-~FE£. 

Cafe. 



x 

X 

J 

4 
5 
6 

7 
8 

9 

10 

11 

13 
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Alfo 
.*«, 1.2. 



•* • 




Sub. 



Ax. x. 



CExED4-EG^ = CGj. 5* a. 

CExED 4- EG$ + FG# = CGj + FGj. Jx* x 1 . 

EGa + FG^FE?. .47- *• „, 
CExED + FE£ = CG^+FG^. 

FC^ = CG2 4-FGf. 47- «• 
CExED + FE^=FC^. ^ 

FB = FC D(^. itf. 1? 

FB^s=FC^. j4x. *. 

CExED + FE^ = FB^ Jx. 1. 

AExEB + FE^ = FB^. 5- *• 

AExEB + FE? = CExED4-FE^. A. x. 

gt<£x<r# = C<£xtf£>, Xx. t*. Q: E. D. 

If neither of th« two Lines AB, DC, pafs thro' the 
Center F. 

F R EP AR AT ION. 

thro* the Point of Interfe£kion E, deaw the Diarae^ 
ter GH. 



I fry, a«x«f»=<«x«l>. 

DEMONSTRATION. 



AExEB 
CExED 

£6x6$ 



GExEH. Cafe 3. 
GExEH. Cafe J. 



Q.E. D. 




Kk 



FRO*. 
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PROP. XXXVL 



Cafe 



A Tangent DB, and Secant DA, leing drawn from the 
fame Point D, taken at Pleafure without the Circle ABC; 
the Square of the Tangent D B, wtU be equal to the Reg- 
angle under the whole Secant D A, and its external Part 
DC 

If the Secant D A pais thro' the Center E. 

PREPARATION. 

From the Center E, to the Point of Contad B, draw 
IB, which (18.) will be Perpendicular to the Tangent 
DB. ^ 

I <ay, 8>»q = *>ax3>C. 



DEMONSTRATION. 



I G-2. 

Again 

v a. 3. 

Alfo 

v e. 4. 5. 

6-*ECq* 

Cafe 



1 

1 




EB = EG Def. 16. r. 

EBf = ECf. «i*. 9* 
j |DB$+EBf = EDf. 47.1. 
4 |DBjf + ECf = EDa. Smb. 
j DAxDC4-EC£=ED^. 6. u 

6 DB ? 4-ECj=DAxDC + EC>. Jx. r. 

7 &£q = 94x9C ./<*. x.»* ftE» D. 

If the Secant DA pals not thro' the Center E. 
PREPARATION. 

From the Center E, to the Point of Cbntaft B, draw 
E B, which (18.) will be perpeMicular to the Tangent DB; 
alio draw EC E D, and E F cutting D A, at Right-angles, 
which Q.) will Bifcft CA in theloint fc 



I fay, B»a=B3xBC. 



1 
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JBflo* !H. Eu>c%m r s Bxemgent* 



r27 



»■ • 



m 

C.I. 2. 

. Again 

vc.j.4. 

• And 

V C. 5. 6. 

Laftiy 
89-2. 

v * 7- P. 
to—EC?. 



1 

2 

3 

4 
5 

6 4 

7 
8 

9 

ro 
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. For 
Then 

Alio 
/ c *. 3. 



• • 






For 

Then 

Alfo 

C2«3t 

4 tw 2* 



1 

2 



1 

2 

3 



■ 




J>£21t> K.S<T RATI ON. 

1 

DRf-f EB#=3=EDf. 47. 1. 
DB^-)-EFg=s£0f. 47. 1. 

DB^ + EB^ = D.F^-^Ef:?. Jx.i- n 
D A x.PC -f C F# •= DFy. 6. 2. B 

Dlto-l-EB$:=DAxDC-}-Cfy-fEFtf.&0. 
CF^4-EF^=rECtf. 47. 1. 

DB$-f E0f = DAxDC-}-EQ. Atf. 
EB = EC Defi 16. 1. 

EB^.= EC^. <4v. 9. 

DBf + EC2 = DAxDC + ECj7* S*k- 

&&Q=&&x&C* ^.12. QtE.1). 

corollaries; 

If from any Point A, tafan without a Circle, there be 
drawn feveral Right-lines A B, A C, cutting the Circle, 
the Refitangles contained under the whole Lines AB. AC, 
and the external Parts A E> A F, are equal between ifaem- 
felvcs. A 

If the Tangent AD be drawn. ' 
ABxAE = ADj. 35. 

AXxAF = ADf j6. 



If twQ IJnes A3, AC, drawn from the 
fame Point A, touch the Circle, thofc two 
Lines are equal one to the other. 

If the Secant A E be drawn. 
AExAf reABg^ $* 
AExABa-ACjy. 36. 

a »=*<£***. jo, 

I Kk 2 




12$ 



Euclid's Elements. 



Book III 



Alio 

V e. 1. >. 

Again 

And 

•*-4-5<- 

v«.7- 

But 

V *. 8. 9. 

veto. 



PROP, xxxvn. 

If tie ReHangle contained mitr tie Steam DA, adit! 
external Part D C, he equal to the Square of a Like OB, 
meeting the Circumference of s Circle ABCF, that Lite 
D B -touches the Circle. 

PREPARATION. 
From th§ Point D, draw (17.) a Tangent D F ; tub 
60m the Center B, draw EB, ED, EF. 

I by, »» touc&es fl&t Circle. 

DEMONSTRATION. 

DAxDC = DFjr. 3*. 

DAxDC = DB{. /to. 

DF$ = DBj. .Ac. 1. 

DF = DR .i*. 10. 

EF = EB. Def. i<5. 1. 

E'D is common. 

DF = DB, EF = EB, ED is common. 

Z.EFD = Z.EBD. 8. :. 

EFD is a it. x8. 

EBD is a r£. 

930 touches fl&e CtircU.. Csr. K. Q. E. D. 

TJe End of the Third fioo^- 




tucuo» 



-/* 



12$ 






EUCLID'S ELEMENTS, 

Demonftrated after a New, Plain, and Eafic 

METHOD. 



mm^mm 



BOOK IV. 



ia* 




DEFINITIONS. 

mig^tline fo fefti to tie ftWKeo 

itl ft Cfr tie, when the Extreams 
thereof fall upon the ~" 

As the Line A B. 

£ j&ioj&fcWtteo figure ft raft to be fttfetfbeo ftt 

ft Cittie* when the Vertex of each of its A 

Angles touches the Circumference of the 
Circle it is inferibed in. 





Thus the Triangle ABC is inferibed in the £ 
Circle ABC 

LI 




% 
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Euclid^ Elements. 



Book IV. 



3 



a Circle fo fato to be befcrtbeo about a JBiaftfcttn* 

e& figure, when its Circumference panes thro' the Ver- 
tex of each Angle of the Figure k is laid to be circum- 
fcribed about 

Thus the Circle ABC is described about the Triangle 
ABC 

3 litfgfttttueft figure i* rntio to be befcribed a* 

bOUt a Circle, when all the Sides of the Figure which: 
is circumfcrjbqd, touch the Periphery of J> 

die Ciicle. 

Thus the Triangle ED F, is defcribed; 
about the Circle GHL ■? 




a Circle i* (gift to be inftribeb in a MtffcUntb 

<ftgUtt, when the Periphery of the Circle touches aU the 
Sides of the Figure in which it is inferibed. 

Thus the Circle GHL is, inferibed in. the Triangle: 
EDF. * 

ftegtflar pentagon*, $etagott& and #ettteoeea# 

gOtl& are fuch as have equal Sides, and equal Angles. 

PROP. I. 

Tn a Circle liven A B Cjjo afpfjr a Right-line A B, *- 



qual to a Rigpt-lint given D, which doth not exceed AC 
the Diameter of the- Circle, 

PREPARATION. 

From the Center A, with the Diftance A E = D, de- 
fcribc a Circle- BEFj meeting with the Circle given in 
B, and. draw AB.. 

) 



Book IV. Euclid's Element* 



%, a # = w* 

DEMONSTRATION. 

AE = AB. *Def. 16. 1. 

a» = ^» ^*. *• QsE. F. &D* 

PROP. II. 



13* 



Alfo 

V C» I«.2> 



I 

2 

3 




J» * foVdtf #'t*# ABC, U infcribe a Triage ABC; 
Equiangular to a Triangt given DE F. 

PREPARATION. 

Draw (17. 3.) the Tangent GH, and making (23. i.J 
LhTcJlK ^AB=a job BC; foi (Djf. 4 
is the Triangle ABC infcribed in the Circle ABC 



1 

Alfo 2 

e. 1. 2. 3' 

Again 4 

Alfo 5 

" - e« 4-» 5* ^ 

v e. 3. 6. 7 

v e. 7. 8 

v c 7. 8. s> 



I fay, L%^L€. L€=Lf* L€%%-L&> 



DEMO NS T R ATI O N. 



Z.HAC = Z-B. 31: 3. 
./:HAC=/_R Ow^?.- 
/.B = ZLE. ^ft?. 1. 
LGAB — LC, 32. 31 
/_GAB=£F. Catf?. 
Z.G = Z.F. *4x. 1. 
,iB = Z.E, ZLC= : /_F. 
Z.CAB=ZD. Cor. 2. 





32. 1 



L®=:Le* L€-L$. L€%T&=L&, (VE.F..8rD; 



I 



I- 1 2 . 



PROP.- 
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I- 



And 

r 

1 —2 

Alfo 
e.3.4. 

But 
e. 5. 6. 

AAIB. 

Again 
And 
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prop. HI. 



Book IV. 



About a Circle give* ABC, to defer the a Triage KNM, 
Equimtgular to a Triangle given DBF. 

PREPARATION. 

Produce the Side E F on both Sides \ at the Center I, 
make (23. 1.) z_AIB = £DEG, LBIC = lDFH. 
Thro' the Points A, B, C, draw (17. 3.) three Tangents 
meeting in K, N, M, To (Dcf. 4.) is the Triangle KN M, 
defcrihed about the Circle ABC; alfo the Radij I A, I B, 
IC, are (18. *.) perpendicular to KN, KM, MN, and 
coniequently the Angles at A,B,C, are (Def. 10. 1.) Right. 

I fay, L%=L&€i. L&^L&fQ. L&=L&. 

DEMONSTRATION. 







E.HK 




I 

x 

3 

4 

5 
6 

7 

8 

9 

10 



4rZ.*. Cw.a; The, 1. ii 



r. 



£A+Z>B-f-Z.AIB+Z_K = 
LA+LBz=irL: Conft. 
LMB+ LlL = zvL: Ax. iu 
Z.DEG-j-Z.DEF=2r£*. 13. 

Z.AIB4-Z.K = ^DEG-|-Z-DEF. Ax: 1. 
Z,AIB=Z.DEG. Confl. 
Z.AIB + Z_K = £AIB-|-Z.DEF. Sub. 
ZLK = £DEF. ^*. 12, 

LB+LC+LBIC + LMz=:4vL:Cor.i. TU.uu 
LB-\-LQ=izrL\ Conft. 

LBIC 



i bo^k vi; 
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9— io. 


11 


Alfo 


13 


V^XI.12. 


n 


Laftly 


14 


v ci 3.14. 


15 


1*— LBIC. 


K 


v e. 8. 1 6. 


'7 


*•*€• I /• 


Ifc 


v«.i7.i8. 


19 




* 



And 

••*«: I. X.J 3 



• • 



• • 



• • 



e. 3, 

Again 

And 

€. 5, 6. 

v e. 7. 

e, 4. b 

Y C. 9. 

Alfo 
ve,n. 

V.ft 12. 



/ 



LBlC+LM—irL: Jx.iz. j 

£DFHH-ADFE=2rZ.». 13. 1. 
ABIC-fZ.M = Z_DFH-4-ADFE. ^, ,; 
/_BIC = ADFH. Gwtf. 

LBlQ+tMz=LBlC+LDFE. .Subs 
£M=£DFE/ ^y. ii. 

Z.N=Z.D. CV. 2. 31. 1. 

Qi E. F. &.D. 

PRpP.IV.. ' . 

To h^aribe * Circle EF G, /* a given Triangle A3 C 

PREPARATION. •.- 

.. Bife£fc (sfci.) the Angles B, C, with the Right-lines 
BD, CD, meeting in the Point D ; then haying ^12. 1.) 
drawn the. Perpendiculars D E, D F, DG, fo' thjt DEB, 
DFB, DFC, DGC, may (Def. io. 1.) bi. Right-angles* 
from the Center D, with either of thefe Diftances, de* 
fcrifce the Circle' g F G. 

DtWONSTRAXI ON, A 

^_DEB= £©FB. Jf*. zt. 
Z. D BE == L D B F, D B is common. Confi. 
L DEB ■=£. DFB, ADBE= ADBF,DBis com^^^^C 
DE =DF. 26. 1. . • 
_DFC= £DGC. ^.21. 
:DCF- ZLDCG, DC is common. Conft. 

DFC=2LDGC, Z.DCF=Z.DCG, DC is common. 
DF ^DG. 25. 1. 
DE-DF^DG. Ax. 1. 

rhe Circle EFG~ pafles thro' -the Points E, E, G. Def. 1 6. 1. 
DEB, i ) F B, D G C, are r Z. '. Co*,?. 
1 he Periphery of die Circle EFG touches all the Sides of 
the a A BC. Cor. \6. 3. 

13 €Hc Circle fftf <B f* inftnbcD ttt tlje A 8 35 c *>/. j. 

CLE.F,&D... Mm PROP. 
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2 
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Euclid's Element*! Book IV. 

PRO?, V. 

JOm * given TrisM&le ABC, *# <ft/cri& « CmU ABC 

PREPAY AT I ON. 

Bifca (10. i ) any two Sides A B, AC, in the Points 
D, E, .and having (u. i;Y drawn from (bote Points D, E, 
the Lines DF, EF, at Bight-angles to the Sides AB, 
AC, (which will meet, either within die Triangle ABC, 
or in die Line BC, or without in the Point P.) draw 
FA, FB,FC, and from-. the' Point F, wifh either ofthofe 
Diftancef ,-• dejeribe the Circle ABC 

I fey, gfe CittieftftC in totfcrfl*diOwrtt$e<AajBC f 
DEMONSTRATION. 



• ♦ 






And 
e.i.a.1 
V e. y 
Again 

And 
e. 1.6. 
ve. 7. 
e.4.8. 



• 



ve 10 



1 

x 

3 

4 

S 
6 

7 
8 

9 
10 




£FDB. 



• 



^ S ^ P *lP F ^ common. Cnft. 
£YDA=FDB. Ax, 21. ^ 

Ap=DB, DF is common, AFDAi 

t'ArrrFB. 4. I. 

A E = E C, F E is common. CmR. 
£FEA = £FEC. Jx.iu 

FA — PC' FE * common » ^ p EA = 
FA = FB=:FC Jx. 1. 

The Circumference of the Circle ABC, .pafles- tW die 
I Vertex of each of the L » A, R C dwTi tf r 



ZFEC 
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.•c.i. 

V C. 2. 

v e. 3. 
Again 
ve.5. 
v e. 6, 

' e. 4. 7* 

v e. 8. 

Alio 



v e. 1 o. 



x 

2 

3 
4 

5 
<5 

7 
8 

9 

10 

11 



By the lame Method, may a Circle be dcfcribed, chat 
fhall pafs thro' three Points given, not being in the Hum 
ftraight Line, 

prop. vr. 

U a Circle $vtn A B C D, ioinfcrite '4 Square A B C D. 

PREPARATION. 

■ 1 

Draw (11. 1.) the Diameters AC, DB, cutting each o- 
ther at Right-angles in the Center E; then join their Ex- 
tremes A,B,C,D, with the Right-lines AB,BC, CD, DA. 




i 



1 fey, cfte fcauate &$C9 i$ foffrffleft in tfce €ix* 

DEMON ST^R AT*6N. 

AEB, BEC, CED, DBA, are tL\ Confi. 
2LAEB=Z.BEC=Z.CED = Z.DEA. Ax. 21. 
Arch A B = Arch BC= Arch CD = Arch DA. 25.3. 
AB — BC = CD==DA. 2*3. 
ABC, BCD, CD A, DAB, are Semicircles. Def. 18. rw 
ABC, BCD, CDA, DAB, are tL\ 31. 3. 
£ABC = Z.BCD=ZXDA=:Z:DAB. Jx.%i: 

AB=rBC= , CD=:DA;2LABC=2LBCD=Z.CDA 
= Z. D A-B. 

A BCD is a Square. Dtf. i9*'u 

The Vertex of each of its Angles touches the Circumference 

of die Circle A B C D. 

CUe Square a >& C& i$ fotcribeo w % Ctafe 

9L«C9« W-2- U1E.F.&D. 



M m a 



* R fc 



1 



H* 



I 



*% • 



VCI 
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• ©• 2« 
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» • 



Alio 

V C o- 

Alfo e. 3* 

i • C« y« v» 

Again 

Alfo 

ve.io.n. 

ve. 14. 

"Laffly 
/e.13.14 
;e.g. 15. 

v e t 6 
Afro 

.•§.18. 
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PROP. VII. ^ 

utfwtf 11 Circle give* ABCD, todefcrile a Square FHIG. 
PREPARATION. 

Draw (11. 1.) the Diameters AC, DB, cutting each 
other at Right-angles in the Center E ; then thro* their 
Extremes A, B,C,.D, draw (17. 3.) Tangents meeting in 
F,H, I,G, fo (18. a.) will EA, EB, EC, ED be per- 
pendicular to thofe Tangents, and therefor* iDef. 10. O 
will the Angles at A, B, C, D, be Right. 

1 £& ©fA* 1 **** f 9 3 <& i* aeftrffceD abcitt t|e 
Circle &$€&. 

DEMONSTRATION. 

The Z. • at A, B, C, D, E, are Right. Conft. 

FG|| HI,FHII GI;FAJ| HC,fri}j AC;FBU GD,FGi| BD. 

FHI.Q, FHCA, FBDG, are a \ Vef. 35. i. p 
FH = AC, BD = FG. 34.1. 



AC = BD. *D«f./i6. 1. 
FH=AC, AC = FG. 
FH=FG. Ax. 1. 
Ht = FG, FH = GI. 
HI=FG = FH = GI. 



• » 

1. 
!<6r. 1. 




/LB-*-ZlE-+-Z.A4-Z.F=4r£\ £AH-Z.E+Z.D-*^G= 

^rC* Cor. i. Theo. 1. 1. 

Z.B-f £E-t-Z.A=3r<L\ 'LA+LE4-Lp-irL: Conjl. 

Z_F = Z.G. s ./<*•. ii. 

LI — /_F; zLG=/lH. 34. r. 

/1I=21F=Z.G=^H. ^. 1. 

HI = FG = FH = GI; ^1= £F = LGz=LH. 

FHIG is a Square. e Def. 29. 1. 

All its Sides touch the Periphery of the Circle ABCD. Conjl. 

%ty Square tf $ % <& t$ DefcrfaeD aiuwt tibe Circle 

a#C^, Def.4. QjE.F.&D. PROP. 
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V e. 1. 

4IP 



• • 



« • 



• • 



• • 



e. 2.4. 

e. 6. 

Again 
• c« y„ <>• 

v e. g. 
ve. 10. 

Laftlye.5. 



But 
c.i 3. 14. 

CI 5. 
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PROP. VIII. 

In a Square given A B C D, to infcrile a Circle HEFG. 

PREPARATION. 

Bife£t(io. 1.) the oppofite Sides of the Square ABCD, 
in the Points E,G,H,F, which being (Def. 29 1.) equal, 
as alfo (28. i.J| parallel, their Halves AE, DG, EB, 
G C, A H, B F, H D, F C, will (Ax. 8.; be equal, as alfo 
parallel • then having drawn EG, H F, from the Point of 

Interfe&ion I, at the Diftance I H, defcribe the Circle 
HEFi 

1 fry> iftt Circle $$ff <& fc intitiUn in tfje Equate 

DEMONSTRATION. 

AE||an4 = DG;EB j|and = GC. G?^?. 
AD||$G; EG|JBG 33.1. 




AH 
AB! 



FC. Confi. 



7 
3 

9 

10 
11 



and =:BF; HD||aad 
HF; HF1|DC. 33. 1. 
ADj|EG, EGHBC, ABHHF, HF||DC. 
I A, IB, I C, are O'. Def. 3 j. 1. 
IH=AE,AH=IE,IE=BF,EB=IF,IF=GC,FC=IG. 34; i.' 

AE=AH, BF^EB, GC=FC. Cmft. 

IH=AE> AE=IEj IE=BF, BF=IF,IF=.GC,GC=IG.^. 
IH=IE = IF = IG. Ax. 1. 

The Circle HEFG paffes thro 1 the Points H,E,F,G. Def.i 6.u 
i*|IH|| AE,IE|| AH,IF]| GC,IG|| FC. /Def. 35. u 
13 AA+/LH=2r£*, /LA+Z,E=2i-Z.SZ.C-f /_E=ar4», 
Z.C-|-^0=2rZ.«. ap: 1. • , 

Z.A = rZ., LC—xL. Def. 29. 1. 

H, E, F, G, are rZ.». 

The Periphery of the Circle HEFG touches all the Sides 
of the Square ABCD. Cor. 16. 3. 

Cfjc Circle ^cftfds 10 rofmbeu in tfre Square a#C3&. 

£><£ 7, <i E. F. & D. 

Nn PROP 
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ve. 1. 

Alio 

ve 3. 

.*e. 2.4 

i.e. 

v c.6, 

ve.7.. 

• C» o«. 

v e. 9. 
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PROP. DC. 

About a give* Square ADBC, to Seftrihe a 
ADBC. 

PREPARATION. 

Draw the Diagonals AB, CD, cutting each other in 
the Point E ; then from the Center E, at the Dtftance. 
EA, defcribe the Circle ADBC. 

1 ray, c&e Circle a^0€ i$ oefctibeH a 
bout tfce ^attave fl&$c 

DEMONSTRATION. » 

CA = CB, L ACB is Right; DA=DB, AADB i* 
Right D*£ 29. 1. 

^CAB, DAB,DBA,areSemiright. Cor. 6. 12.1. 
AC = AD, Z.DAC is Right ; bC = BD, ADBC is 
Right Def. xp.. 1. 

Z. • A C D, A D e, B D C, are Scmiright Cor. 6. ti. r. 

Z.CAB=/1ACD, Z.DAB=Z.ADC, 2lDBA = z.BDC 

£CAE=:Z.ACE, Z.DAE=£ADE, ADBE=^BDE. 

EC = EA, EA = ED, ED = EB. 6.1. 

EC = EA = RD = EB. Ax. I. 

The Circumference of the Circle ADBC, pafles thro 1 the 

Vertex of each of the L • A,. D, B, C. Def. \6 1. 

C$e Circle a 9 $ c t0 oefcribc& about tbe &atfar? 

PROP. X. 

To make an Ifofceles Triande ABC, having each Angle 
at the Bafe, A, BCA, double to the remaining Angle B~ 

PREPARATION. 

Draw the Line 6 A at pleafure, and (it. 2 <) divide it 

at the Point D, fo that the Square of B D, be equal to 

the Reftangle under HA, AD; then from the Center B, 

at the Diftance B A, dtferibe the Arch A C E, in which 

(1.) ap_ 



J .' *5»P iv 
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re- 2. 

• Alfo 

ve.3.1. 

• e. 4* 

Alio 



• •' 



e 7 . 
Again 
v el 8.9.. 

Le. 

Moreover 

• e. 1 2«~ 
ve.11.13. 

ve. 14. 
ve. 1. 15* 

ve^id. 

ve. J. 17. 

Now 

ve.18.19. 

i. e. 

8xT 

ve. 13.23. 

►'£• I2«2>A» 
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Vi.Y apply AC = BD ; and drawing the lines BC, CD, 
about the Triangle BDC, defcribe (5.) a Circle BDCR 

DEMONSTRA'TIO N.. 

AC = BD. GM5/?- 

AC^ = BI>^. Ax. 9. 

BAxAD^BDf C^ 

BAxAD-ACf Jx, 1- 

AC touches the Circle. 37. 3, 

C D drawn from the Point of Contaft cuts the Circle. 

AC touches, and CD drawn from the Point of Contact 

cuts the Circle. 

£ACD=Z-B. ix. 3. 

Z.ADC=/-B+/-BCD. 32.1.' 

AADC=Z.ACD+Z.BCD. Suh. 

LAVC—LrBCA. 

BA = BC. <Def. 16, 1. 

LA-LBCA. 5.1. 

Z_ADC=Z.A. «4#. r~ 

AC = CD, eV x- 

BD = CD ; u*x. 1. 

LBCD — LB, 5.1. 

z.ACD=z.Bca jk 1; 

LB C D -f L A CD == Z.B C A, 

Z.ACD + AACD=Z.BCA. £*J. 
2iU^ACD = z_BCA. 

2 lA.CD = j/.B. u^r. 13- 
^.BCA = x/-B. ^*v. 1. 
7lAi=Z.BCA=2/LB. An 1. 

99=91 ^a=^J5C3t=*Z.» QL-E.F.&D. 



22 

24 
25 



N a *■ 



FROR 



14° 






v e. 2. 

Again 

**•* c* 3 • 4* 

e. 5. 
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Euclid's Elements^ Book IV. 

PROP. XI. 

/* a Circle given A B C D E, to in/crile a regular Pah 
ttgoH A B C D £. 

PREPARATION. 

Defcribe (10.) an Ifofceles Triaogje FGH, having each 
Angle at the Bale doable to the remaining Angle, and 
(2.) inicribe in the given Circle, the Triangle A CD 
Equiangular to the Triangle FGH; then (9. 1.) bife& the 
Angles at the Bafe A C D, ADC, with the Right-lines 
CE, DB, meeting with the Circumference in £ and B, 
and join C B, B A, A E, E D. 

I fay, Cfje regular pentagon 3 # C JB C ifi inttvib* 
eft in ti&e (tttcle a 25 C £> e. 

T A 

DEMONSTRATION. 




A ACD= 2 L CAD = /_ ADC. Confu 
Z.ACD— /.ADC Ax. 7. G i 

/.ACE=/.ECD = <iADB = Z.BDC. jfor. «» 
/_BDC=£CAD. Co^/. 

Z.ACE=Z.ECD = ZLAi>B- /BDC=Z.CAD. Ax. 1. 
Arch A E = Arch E D.= Arch A B = Arch B C = Arch C D. 
26. 3. 

AE = ED = AB = BC = CD. 29.3, 
Each of the L x ABC, BCD, CDE, DEA, EAB, ftand 
on three of the equal Arches. 

^ABC=XBCD = zLCDE=£DEAr^/_EAR 27. a. 
AE_^ED=AB=BC=CDj Z.ABC=r/LBCD=Z-CDE 
-Z-DEA- ZLEAB. 

A B C D E is a regular Pentagon. Def. 6. 
The Vertex of each of its Angles touches the Circumference 
of the Circle ABCDE. 

£ije regular pentagon ££€&<£ in intotibtb in tyt 

Cftcfe a#«t3&<& Def. 2. Q, E. F. & D. 

PROP. 



Eook W. 
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y e. 1. 

Again 



« • 
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Ct 20.1 21 



» 

EvctiDi Elements. 

pr op. xn. 

^0m* « Circle then ABCDE, to jefcribt a rtgidar 
PtMtagm GHIKL. 

PREPARATION. 

Infcribe ■'(««) a regular Peitaepn ABCDE in the Circle 
given ; then hating from the Center F, drawn the Right- 
lines F A, FB.FC, FD, FE, draw to thofc Lines fo many 
Perpendiculars G AH, HBI,ICK,KDL> LEG, fo (Dff. 
10. 1.) wffl aft the Angles at A,B,C, D^E,be Rigfrt, and 
confequentry {.Ax.xi.) equal. Laftly, draw FG^FH, F£ FK, 
FL. 

I fay, CHe ttftti** PeirtiflWi *&fr%i$*ttttibto** 
bottt tfce Ciwie %*€&€. 

DEMONSTRATION. 

GA,GE, touch the Circle. Cor. 16. 3. « 

GA=GE Cor. 2. 3& 3« 

FA:=FE. Def.16.1. 

F.G is common. 1 

GA=GE, FA=FE, FG is common. 

Z.GFA==Z-GFE. 8. 1. 

4.AFE is bifeaedrf- 

After the fame manner^re the lAFB£FC,CFD,DFg^Hfeae<f. 

Z_APE=£AFll=£BFC=ZCFD=:£DFE. 17.3, 

Aft the L* at F, their Halves, are equal. *4x. 8. 

All the L. t at A, B, C, D, F, are equal. Corf. 

FA = FB = FC = FD = FE. Dcf.i6.r. 

FA, FB, FC, FD, FE, aft the L* at ^C^B, as 

alio all thofe at F, are equal. 

GA, AH, HB, BI, IC, CK, KD, DL, LE, EG, are equal. 16, \ . 

G H, HI, I K, KL, LG, their Doubles, are equal Ax. 7. 

The ten L x at G, H,I,K,L, are equal. a& 1. 

The/five L* G, H,' I, K, L, their Doubles, are equal. 4*. 7. 

GH=HI=IK=KL=LG; Z.G=Z.H-^I=^K=^L. 

GHIKL is a regular Pentagon. Def. 6. 

All itsSides touch thePeripbery of theCircle ABCDE. Cora &?» 

Cfce wgulat $e»tagot¥ $fr33UL tut Deftrfcefc aftout tifc 

o prop. 




14* 



1 



Eoclid'* EtfcMMfl Boo* IV. 

prop, xm. 

U a regular Vtwtagtit AH** A &C tf£* t* MtriU « 
Grtk LGftlK. 

P R E tf A ft A T f O N. 

BHeft (9. 1.)' an? two n&reft Angles of tht Pentagon 
A and 8, witli the Right-lines A f , 6 F, meeting in the 
Point F *, dien having from' F, drawn the Perpendiculars 
FL, FG, FH, tli FK, fo Chat the Angles at L, G, H, I, 
K, may (Dcf. 10. iV) be Right, and corifec}uendy (Jx. 21.) 
equal, draw PC, FD, FB, and from thd Center F, at 
the Diftance FL, defcrib* <ht Circle LGHlK. 



And 

Vfc 1.2. 

Vc. j. 

Again 1 

Alfo 

v e. 7. 6. 

ve.4.8. 

v e. 9' 

Alfo 
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Now 
e. 13. 

Alfo 

And 

yc.16.15.14. 




I fey , Ct* C^ %*^ <* frltaft* W« tfc «fl 



DEMONSTRATION, A 

A = 8 C. ™ef* 6. j^ 
B F is commoBi L F B A%= Z. F B C. C*^ 
BA=BC, BF is common; L FfiA±= £ FBC 
ZLFAB=Z.FCB. {< u 

£C=»Z.A» Itef.6. 

4-Z.C = iZ.A. u&. 14. 

Z_FAB=:iZ.A. Ca*/?. 

Z.FAB = ^ ZLC ^. 8. 

AFCB = 4./1C -<**. t. 

LC is bifeQed. 

Alter the fame manner is LX> butQedl 

2 The four whole Z.' at A,B,C, D, are bife&ed. 

3 The four whole L* at. A, B, C, D, are equal Def.6* 

4 The eight Z. * at A, B, C, D, their Hahres, are equal Jx.%* 

5 All the L * at L, G, H, I, K, are equal. CowflL 

6 FA, FG, FB, FH, FC, FI, FD, are common, 
7 FA,FG,FB,FH,FC,FI,FD, are common, aU the L % 

at L, G, H, I, K, as alfo all at A, B, C, D, are equal. 

1 The 
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Sooit IV. 
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Bvchitf* Elements 



ve. i7« 1 8 The eight A' from L to K, are equal 26. 1. 
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v « iff. 
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TheCirdeLGHIK pafles thro 7 WwPoimsL,p,HAK, < Pr/.i(5.i < 
The Periphery of the Circle LGHIK, touches, all the Sides 
!of the regular Pentagon. Or. 16. 3. 

C&e Circle %&W& fe t«*rfl*fr in tlje tegular 
$ette*8ttt $#CJ&#. ##•* Q;B.B-&D. 

If any two neareft Andes of in Equilateral and Equi- 



Point in whichr 
Angles, 



w , « drawn Right- 
lines to tke remaining Aagfa of tHc Figure, ail the An- 
gles of the Figure ihall be bifeded. 

PROP. XIV. 

. About 4 regular FaXago* ffvett ABCDE, ta fafcribe 
a Circle ABCDE. 

PREPARATION. 

Btte& 0. 1 .) any two ncjrcft Angles of the Pentagon, 
with the Right-lines AF, BF, meeting in the Point F ; 
then from the Point F, draw the Right tines FC, Fp, FE, 
fo (Cor. 13.) wtU thf Angles C, D, E, he aMb bifeded. 

1 fay, c$e Circle a#CJ&<£, in oefcrifee& tfcwt ttjt 
regjitor fcmtasQU a # C # C» 

DEMONSTRATION. 




£.FAB=Z.FBA,/LFBC=£FCB. 4*8. 
FA^FB, FB = FC 6.x. ' 

Z_C=£D, Z.D=ZE. «p$f, *. 

fZ.FCD = Z.FDC, ZJFDR=£FED. «4* 8. 
FC = FD, FD^FE. <S. 1. 
FA=FB = FC=:Pi> = FE. «4*. *. 
The Circumference of the Circle ABCDE gaffes thrqg 
the Vertex of each of the L % A,B,C,D,E, Vef. 16. t\ 

%\\t Cfcle.&PCMV & ^crOJtU ahout tge regular 
pentagon O&BCJ&C, D<f- 3- 0* fc. R & t>. 

. o o a . PROP. 
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ve.x. 

. Alfo 
V*3*»* 

Alfo 
. vc.8.7. 
Ive.2.^.4.71 

j/e. 10. 

y c 1 1. 

' Again 
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CIJ. 
V.e.H.14 

ve. 15. 

: Alfo 



Elements. 



Book IV. 



PROP. XV; 
In a Circle give* ABCDEF,fo infcribe * tepiarBexr 
*gt* ABCDEF. 

PREPARATION; 
Draw die Diameter AD, and from its extremity D, 
thro* the Center G, defcribc the Arch C GE ; then from 
the Points C, E, draw the Diameters CF, EB, and join 
CD, DE, EF,FA, AB, BC. 

I iky, Cte vt&ti&t $e?agoit 9&€B€f> <* fcrtttfbe* 

DEMONSTRATION. 
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X 



'v& 17. 
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15. 1 



I 



DC=DG=GC ; DE=DG=GE. Def. itf. i« 
Z.CGD=tfo% Z.DGE=*o«. Or. 4. 31. i« 
3 «|Z.CGD=/LFGA;Z.DGE=Z.AGB. i$.i. 
Z_FGA = tfo% AAGB = tfo». jlv. 1. 
Z.FGA+Z.AGB=sia©\ 

Z.FGA+Z.AGB-f Z,BGC=i8o*. Or. a* 

Z,BGC = tfo°. <<fe. 12. 

Z_BGC=Z.EGF. if. x. 

Z.EGF-=6o°. ^. 1. 

Z. CG,D = Z. DGE = Z. E GF== £ FGA=£AGB= 

Arch CD= Arth DB = AwhEF^r Arch FA 

AB = Arch BC 16. 3. 

CD = DE = EF = FA = AB = BC. a*. '3. 

Each of the Z.'CDE,DEF,EFA,FABj ABC, BCD, 

ftand on four of the equal Arches. 

L CDE z=L DEF =ZEFA=£FAB= ZABOs^BCD. 27. 3. 

CD=DE=EF=FA=AB=BC; Z. CDE=Z.DEF=ri: EFA 

= Z.FAB=Z.ABC=/.BCP. 

ABCDE is a regular Hexagon. Def. 6. 

The Vertex of each of its Angles touches the Circumference 

of the Circk ABCDE F. 

Ct)e teauter $er*gon »€»«#, fe t'nftrtbeo to ttoe 
Cfttfc 3»Cfc$f ♦ Ptf *• Q,E.P.8cD. COROL: 
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COROLLARY. - 

The Side of. a regular Hexagon infcribed in a Circle, 
is equal the Semidiameter, 

PROP. XVL 

In a CircU given AEBC, to infer He a regular Pentede- 
cagon* 

PREPARATION. 

Infcribe (a.) in the Circle A E B C, an Equilateral Trian- 
gle ABC, as alfo (11.) a regular Pentagon AEFG H, fo 
that die Angles may meet at the Point A, and join B F. 

I fay,t$e feettteftecagotrutyofe $*toe i$zi & regular 
aim interim in rfje Circle aca&c. a 



DEMONSTRATION, 

Arch AF = * of the Periphery^ C<w#. 

Arch A F = tV of the Periphery. 

Arch A B = f of the Periphery. Conft, & 

Arch A B = -h of the Periphery. 

Arch A F — . Arch AB = 4 — tt of the Periphery. Jx. 1 *. 

Arch B F = -rV -of the Periphery. 

The Pentedecagon whofe Side is B F, is Equilateral 

Each, of its Angles ftand on Thirteen of the equal Acches. 

The Pentedecagon whofe Side is BF, is Equiangular, %-j 3. 

The Pentedecagon whofe Side is B F, has equal Sides and e- 

qual Angles. 

The Pentedecagon whofe Side is B F, is regular. Tkf. 6. 

The Vertex of each of its Angles touches the Circumference 

of the Circle AEBC • 

4$e pettteDetaoon tttyofe fetoe it Sffifr.tggtila* 
m ftttofteft inm €inh a«$C. Def. i. q, e r & d. 
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EUCLID'S ELEMENTS, 



Demonflratec! after a New, Plain, and Eafie 
METHOD. 



B,0 O K. ; . V. ( ! 



DEf I NIT I O N S. : 

SUio (or WUt) is th« mutual; Habitude or 
Refpcft of two Quantities, 'of tiie fame Kind 
each to other, according to. Quantity. 

, Ratio, that Quantity which is referred to a- 

nqther Qijantity, is called the anteceDent of the Ratio, 
and that to which the other is referred, is called the 
<Ot»fcQtl«lt of the Ratio ; as in the' Ratio of 6 to 3, 

6 is the aittrxeoent, add j the ; donfeflttent. 

The Quantity of any Ratio is known by dividing the 
Antecedent by the Confeqiient ; as 1 the Ratio of 6 to 3, 
is exprefTed by ; : = 2, or the Qjiantity of die- Ratio of 



A to B, is 5 



.Where- 



Book V. 



Euclid's Elements. 



HI 



$ 



Wherefore, often for Brevities Sake, we denote the 



Quantities of Ratio's, thuSi-s-C or = or *"3~. that is, the 

Ratio of A to B is greater, equal, or lefs than the Ratio 
of C to D. 



proportional £5uanttticsf, whether cbntfmreft, or 

BtfCOnrttttieD, are fuch as have the fame Ratio. Thus 

the Continued Quantities ,ARRR, ARR, AR, A, or \6 y 

8 4. 2, are proportional, becaufe the *Ratio of ARj to 

AR J 
AR», or of 16 tp 8, that is^vn = R, or 4. x ■==■ 2, is the 

fame with that of AR to A, or 4. to a, that is, with 
AR *»»».*. 

-r- = R, or \ — 2. Alfo the J£ifCOflt(mjeO Quantities 

AR,'A, BR, B, or 4, a, *, 3,. are proporijional, becaufe 

the Ratio, of AR to A, or of 4 to i, that is,— S -=R, 

or % ■=. 2, is the fame with that of BR to JJ, or of 6 

BR 

B 



to 5, that is, with-g-=K, or f = x. , 

Whence ecfual - Ratio's : may be exprefleil as are Pro- 
portionals, and Proportionals as are equal Ratio's. 

* m * 

AR ' BR ? •' 

Thus~^==p, therefore AR:A::BR:J^. alfo AR:A:r 



B 

BR i B. thercfore^^ ^ 



•i 1 



9}tti)et(C EatlO, is when the Confequenf is taken 
as the Antecedent, and fo compared to Ihe Antecedent 
as the Confcquent. As if A '. C : : B : <f . therefore by 

anftetOon, €:A:;C:ft 



'/ 



I 



P{>.a 



alter. 



Jb. 
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Alternate ttoepOltfOff, is the Comparing of Antece- 
dent to Antecedent, and Consequent to Conlequent. 

As ARRR: ARR : : AR: A. or AR : A: : BR:B. there. 

fore aitetnatel?, or by $e?mucatfon, AR»; AR:: ar» 

:A.orAR:BR::A;B. 

J&ihiW) ifctfo, is when the Excefc wherein the An- 
tecedent exceeds the Consequent, is compared to the 
Confequent* 

As ARRR: ARR:: AR: A. or AR:A::BR:R 
therefore by feftifiott, AR» — AR* : AR» :: AR — A ; A 
or AR — A:A::BR — B :B, 

(tOtttpOttffo JROtto, tt when the Antecedent and Coo- 
feqent jtaken both as one, are compared to the Confc- 
quent it f«lf. 

As ARRR : ARR :: AR :JL or AR : A :: BR : B. there- 
fore by CompoCt toll , AR» + AR* : AR« : : AR + A : A, 
or AR-f A:A::BR-f B:B, 

Cotttetfe ftatfo, is when the Antecedent is compa- 
red to the .Excels wherein the Antecedent exceeds too 
Confequent* 

As if , AB + BC:AB::DB + E1':DB. therefore by 
COtffcerGoir,AB + BC:BC::DE-l-EF:EF. 

* 

Note : The Six M Trofofitim of thu 'Book, fervhg 
only for the Proof of thofe that fellow, by the Method 
of Eq*im*lti?Usy my ***<** being not to *fe that Me- 
thod, aft htrt omtofd, 

PROP 




Book V, 



Strciiift Eibmikti 



Hf 






And 
e.3.4. 



1 

2 






4 
5 



V C 1. 

Again 
. V e. 3. 

yc.^4. 



1 

2 

3 

4 



fHOP, VII. 

Equal Quantities A, B, fow to the fame Quantity C, 
the Jam proportion \ and the fame Quantity C, has the 
fame TroPertion to equal Quantities A, B. 

That V9UC:;#:C» «&:*::€:#. 

DEMONSTRATION.' 
A=B. /to, 

c=c. 

c c . 

-jr-=ng p * »iX 14* 

COROLLARY. 

Hence Quantities direSif proportional, are (JDef, 3.) 
alfo fo by Inverfion* 

PRO P. VIII. 
Of unequal Quantities A, B, the greater A, has a gre+ 
ter Rat i9 to a third C, than the lejjtr B ; and this third 
C, kasa greater Ratio to the lejfer B, than the greater A. 

That is, |c"-f . 




DEMONSTRATION. 



A 

A 



CB. MP. 

•rcrB-fC 

B-.A. flrf. 

c2Brc-rA. 



J T u "« 



c 



Qt B. D. 



PROP- 
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m 



For 
Then 

But 



• • 



• ©• /La 



**rfi 



I 

X 

■ 

3 

4 
5 



For 
Then 

But 
.*e. 4. 



1 

it 

3 

4 
S 



PROP. IX. 

Quantities A, B, which to one and the [ante Quantity 
C, /un* fiv fame Proportion, are equal the one to the 0- 
ther ; and if a Quantity C, have the fame Proportion f 
other Quantities A, B, thofe Quantities are equaL 

Suppoie A:C:.:B:C 
I fey, * = »♦ 

DEMONST RATION.. 



If A fhould be either C or 
A 




would be 




or 



B. 
B 

C 



S. 



A B _. 

"C" — ~CT* N) ?' 

A is neither rj* nor ~~i B. 
a = #. ufr. 4. Qt E. D. 

Suppofe G:A::G:B. 
I lay, a=» r 

DEMONSTRATION. 



If A fhouM be either £7 or -3. B. 

-T- would be either ~j or P"-=-. 
it ij 

A is neither C"nor~] B. 

a = #♦ Jhc. 4. Qj E. EL . 



8. 



PROP. 



BookV. 



Hyf, 



Euclid's Elements. 



i$i 



Of Quantities A, B, having Ratio to the fame Quantity 
C, that Quantity A, which has the greater Rath, is the 



PROP. X. 



U, that f&anttty A, woicd aas we greater t\mn y is 
greater Quantity j and that Quantity B, to which the ft 
carries a greater Ratio,, is the lefl'er Quantity* 







For 


1 


Then 


2 


But 


3 


**• 

• 

Again 


4 
5 


Then 

* 


6 


But 


7 


• • 
• 

y £4. 8. 
v e. 9. 


8 

9 

10 

1 


j 


" 



Suppole 



I fay, ac"#* 



B 




DEMONSTRATION. 



If A fhould be = B. 



C 



would be 



& 



7- 



A __B 

ir tr Tr> 



K 



B 
C 



8. 



A is not =B. 
If A fhould be 

■jr would be 

A is not ~1 B. 

A is neither = nor T B* 



m 



Q,q= 2? 



Suppofe 
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Hyf. 


2 


For 


I 


Then 


Z 


But 


3 


* 

• • 
• 

Again 


4 


Then 


6 


•i 

But 


7 



Suppofe~C"- 



c _c 

F^X 



DEMONSTRATION. 

If B flwuld be = A. 



B 
£ 

B 



would be 



C 
X 



r 



A' 



Hjf. 



• • • 



"• C* ^* o« 
V C p. 



B is not = A.' 
If B ihould bcC'A. 

C C 

-g* would be "3-T". 

C C 
B"C"X* **t- 
8 IB is not C" A. 



8. 






9 
io 



And 



• • 



.♦c.i. a. 



3 



B is neither = nor C* A. 
£~3& M. 6. Q.E.a 

PROP. XL 

Proportions v&ich me owe and the fame to tm ZUrJ, 
are dj§ the fame to one mother. 

Suppofc A:B:;R;F. and C:D::E:R 
I &y> &:£::£:&» 



.A 

B 
C 

A 



E 

c 



DEMONSTRATION. 

Hyf, 



-TT ^ 



Ax. r. 



vej, U 



F~^D' 

&:'»::€'<&* £# *. Q» E. D. 
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Alfo 



And 

VC. I. 2. 

Again 






e.3.4. 
5-rDB. 

Laftly 



1 

a 



1 

x 

3 

4 

6 



8 



V c 6. 7. 

VC o. 10 



LEMMA I 

If four Quantities ARRR, ARR, AR, A, or AR, A, 
BR, B, either continued or discontinued, are Proportional, the* 
is 9 if AR»:AR l ::AR:A. and AR: A::BR:B. the Product 
of the Etctreams is equal to that of the Means. 

Thati$,SHB*xa'=«E»xaK. and a*tx# = »»xa. 

DEMONSTRATION. 
AR> : AR» : : AR : A. and AR:A::BR:B. Def. 2. 

a»» x a = a»* xm and a$ x » = 7m x a. 

Q. E. D. 

LEMMA IL 

72>o/<r /<ww Quantities A, B, C, D, <av Proportional, the 
Produti qfwbofe Extr earns is equal to that of the Means. 

PREPARATION. 

Suppofe AD=rBC, and the Rack) of A to B = X. that 

A • 

is, —- = X, then is A = B X ; alfo fuppole the Ratio of 



Z, then is C = D 2. 



C to D = Z, that is, -g- = 

I&y, a:fc::C:3D. 

DEMONSTRATION. 

AD = BC. fljp. 
A = BX. 

DBX = BC Sub. 

C = DZ. 

DBX=DBZ. &». 
X = Z. Ax. 14, 

"IT *r ^* "5" == ^ "^' 
A C „ , 

a;#::C;J&. iXf. a. Q.E.D* 

Rr 



PROP. 



r *i?i 
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prop. xn. 



And 2 



M e * *• 



3 



And 



If fever al Quantities A, AR, ARR, ARRR, ARRRR, 
ARRRRR, i$c. or A, AR, B, BR, C, CR, tfc. either con- 
tinued or difcontinued, be Proportional; that is, if A : AR : : 
AR':AR'::AR«:AR'. and A: AR ::B:BR::C:CR, as 
any one Antecedent, it to its Consequent; foistbe Sunt of all the 
Antecedents, to the Sum of all the Consequents. 

Thatis,a:a»::a4-am i +aaa«:aB+a;ia j +$ua'. 

DEMONSTRATION. 

A:AR::AR»:AR J ::AR4:AR J . and A:AR::B:BR::C:CR. 

Def.2. 

A + AR 1 + AR4 xAR = AR + A R» -f AR> x A. and 
A + B+Cx AR = AR + BR + CR x A. 

a:att;:a+am*4-a«*:a«+a«'+a» j . and a: 

«*::a+#+C:a8+»B+C*. Lem.z. Q.E.D. 

PROP. XHL 

Jf two Ratio's be equal, and the one greater than a third 
Ratio, the other alfo 'will be greater than the fame third 
1 Ratio. 

Suppofe -1 = jp alfo -^ C -|-.. 

ifay,f-rf, . 



^ • 



V. v* J • 2» • 



_A 

B 
C 



DEM ON STRATIO N. 



3 



f-r-f « ^.3; QiE.p. 



FROPi 
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Byf.U 



■ v e. i . 
Alfo 

.* C. 2. 3. 

e. 4. 



• • 



m- 



1 

3 

4 
5 



PROP. XIV; 

In four proportional Quantities A, B, C, D, if the firft A, 
he greater, equal, or lejs than the third C, then will tbefecond 
B, be greater, equal, or lefs than the fourth D. 

Siippofe AC"C. 
I fay, 



DEMONSTRATION. 






ArC. Hyp. 

A C Q 

c c 

~I5" CT "g~* •«*• 3* 
»C"3B. 10. O^E-D. 



V.C I 



I 

2 



Alfol 



3 



ve^.3. 



• • 



c.4. 



V C. 5. \6 

I m 1 



Suppofe A =. C 
I fay, #=^. 

DEMONSTRATION. 

A 7= C flyf . 
A _ C 

T"-"B"' ^ 

C C 

C:B::C:D. Def. 2, 

Rrt 



Jk.i 



Suppoie 



15* 



Hjf.U 



vex. 



Alfo 



i 

2 

3 



v c. a. 3. 
••'c.4. 



5 



• • 



* X. 



I 

X 
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Suppofe ATC 



Booe V. 



DEMONSTRATION, 



A ~2 C. //#>. 
AC 

A_iL 

D ' B 
#Tfc* 10. Q, E. D. 



8. 



Hf. 



Jx, 3. 



PROP. XV. 

Af cfteucmamedmthefirft A R, as is tht fourth B> i* the third. 

A R BR 

B R, *fo* ix, ^f ~ A - fc s -g-, tf*/r /<wr Qnattities are 
Proportional. 



DEMONSTRATION. 



AR 



BR 



A ~ B 



. Dtfl *. 



Q»B. D. 



PROP. 



Book V. 



t 



Evthu/s EtlMfiN'Tf. 
PROP. XVI. 



tii 



BR, 



VCI.U 
». 1 3 



And 



*#C» 



H 

2 



t 



y flwW Dumfries ARRR, ARK, AR, A, <w AR, A, 
L B, either continued or difamtimed, U Pro&rttonal? 

that islif AR»: AR»::AR:A. and AR:A::BR:B, tbejt 

are alfo f* *&» Mtenfd. 

JThat is, a» J :afc::m»:* «* fl«:'0R"t^ 

DEMONSTRATION. 

ARjAR»::AR:A. and AR:A::BR:B. Def. u 
AR *A==ARxAR'. and ARxB = BR*A. Urn. 1, 

Q, E. D. 

PROP. XVII. 

IF four Quantifies ARRR, ARR, AR, A, or AR, Ay 
HR- i \\JSTamimtd er dtfamtmtei, he P*of<»Uo*al> that 
&T£tm£$&A. i5TR:A::HR:^ they are 
aifi /o tfben Divided*- 

That » , *»' — »• * «"" • : 4&~ * ■'*• ** * R "^ 
DEMONSTRATION. 

AR» : AR- :: A K: A - «* AR : A^BR :*• J?^ ^ 
aR»-VR^ A=AR~A x*R».ai«l A^— .Ax-Bc*- 

BR — 15 x A. _^ rt a «< M i':aitt^fi:Jl^ i 9W 

#:#, J*»- a '" tl|B, S f BR OP.- 



15$ 



And 



'•*•■€• 2* 



I 
2 
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If four Quantities ARRR, ARR, AR, A, or AR, A, 

BR, B, continued or di J continued, are Proportional^ that is. 
//AR':AR»::AR:A. and AR: A::BR:B. they are djo 

jo when Compounded, 

That is, am< + am> : an* : •. a» + a : a, and a»-f a: 

31 • • T&flBi -\- 3(5 • y&% 

DEMONSTRATION. 



•*ci. 






.* C. 2. 
I.C. 
VC4. 



2 

3 
4 
5 



Vcy. i.ltf 



AFU: AR':: AR:A. and AR :A:;BR:B. Dff. t. 

AR» -t- AK» x A= AR+ AxAR\ and A~R -j- A x B 



BR+BxA. 

aE'-f aK-aHM.-ais+aia. «d aa-fa:*-.** 

+ #: #. /-«». *. Q» E. D. 

'PROP. XIX. 

If the whole AB-f BC, le to the whole DE-f EF, 
as the Part taken away A B, is to the 9art taken away 
DE, tbenjball the Refidae BC, be to the RefiJue EF, as 
the whole AB-f BC, is to the whole DE + EF. 

That »,»C:«f::a»+»C:»e + <t#* 

DEMONSTRATION. 

AB + BC:D>E + EF::AB:DE. Hyp. 
AB + BC:AB::DE + EF:DE. 16. 

AB+fiC — AB:AB::D,E + EF— DE.DE. 17. 
BC:AB::EF:Dfi. 

BC:EF::AB:DE. 16, 

COROL- 



Book V. 



H#. 



V 



** Cm I • 



» ♦* C« 2# 



Again 

Alfo 

e.tf.7. 
v e. 8. 



1 

2 



8 
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COROLLARY. 



ISP 



Becaufe (Sfctf. a.) 'tis A B + B O. A B : : D E + E F : 
DE. and by inverting the Sixth Step, 'tis AB-t-BC 
:BC::DE-|-EF:EF. therefore Quantities direaiy Pro- 
portional, are (Def. 7.) alfo fo by Conversion. 

PROP. XX. 

If there lie three Quantities A, B, C, and others D, 
E, F, equal to them in Number, which being taken 
two and two are in the fame Ratio, and their Propor- 
tion Ordinate, that is, if A : B : : D : E. and B : C : : E : F. 
and if the firft A be greater, equal, or lefs than the third 
C, then Jball the fourth D be greater, equal, or lefs than the 
fintb F. 




Suppofe A 

DE MO NSTRATIOK. 

B:C::E:F. Hyf. 
C:BxF:E. €or, 7. • . 

C F 

AC'C Hj*.. 
A __ C 



A 



B 

F 



B £" E 



A 

B 
D 



D 

E 
F 



8. 



Ax. ii 



Hjp. 



E ^ E 



i Ax» 3. 
10. Q, E. D. 



S fa 



Suppoic 



1*0 



Htf 



.1 



And 
ve. i. a. 

v e. 3. 

AHo 

vc. tf. 



i 

2 

4 
5 



Euclid's ELteMitf t* 

Suppofc A = C 



ajOOK. Vg 



DEMONSTRATION. 

B:C::E:F. Hfr 
A = C. Jftf. 
B:A::E:F. A** 



A:B::F:E» Car. 7; 

, ,A:B::D:R Hyf. 

6 iD:H:~F:B ti. 

J&=*. 9. Q»E. D, 



3 



v*. a. 

Again 
c. 4. 






1 

» 

3 

4 

I* 



Suppofc ATC 
Hay, »-] £♦ . 

DEMONSTRATION, 

B:C:rE:F. Ji#. 
C:B::F:E. Cor. 7 < 

C F „ - 
= jj-. Dtf. a- 

c 4f. 
c 



ye. 3. 5. 

Alfo 

V t. 6. 7. 



7 
8 



'.•c8.|* 



/ 



B 
A 
A 

"F 
A 

A_ 

B 
D 

B 



B* 

F 

IT 
D 

*F' 

F 
tf, rt Q*E* 



Ax. il 
Jx, 3- 



m 



m op. 
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m- 



V C I. 



v c a. 



Again 



• • 



c 4. 



1 
3 



v c 5. 5. 

Alio 

y c fc. 7. 
ve. 8. 

Hyf* 



6 



8 
9 



• 1 



» * 



PROP. XXI; 

If there he three Quantities A, B, C, «tf #fo« D, E, F, 
equal to them in Number, which taken two and two are in the 
fame Ratio, and their Proportion Inordinate; that //, 
if A :B::E:V. and B:C::D:E. and if thefirfl A he 

freater, equal, or lefs than the third' C, then is the fourth 
> greater, equal, or left than the fixtb F» 

Suppofe Arc. 

* 

I fay, JB C f ♦ 

DEMONSTRATION. 

■ 

B:C::D:E. Hyp- , . . 

C:Br:E:D. Cor. 7;/ , 

3" — "J)"* &ef, n 

A C""C. Hyp. 
A — C 



r 



B 
A 

B 
A 

B *" 
E - 



B 
E 

17 
E 

F 

2L 
D 



8. 



t — 



'Jhc. au 
Jx. 3. 



M 1 



3&r*N 1*. QiE.D. 



llil f IN 



c 



I fay, )|isf 



1 •• J 



• » 



• sJ 



♦ .<♦ - 



J 



T* 



DE- 



lib 



fteSWtf* B itfMWT*. 



Bpo* y. 



DEMONSTRATION. 



\* C I. 

V c. *. 

v c 7. 



* « 



3 

7 
8 



• • 



'.• c x. 



• r 



ca. 



Again 



• • 



€.4. 



* • 



Alfo 



V «. 6. 7. 

* v e. 8. 



1 
x 

3 
4 
5 



8 

9 



Q:$::&:p. ^,7? 

*:5::8:E Stf. 
A:B;^B:F<. /fa. 
E> P,::E:.p.. 11" 

TJ — fT* ^^ *• 
3B> = #♦ 9. Q» E. D. 

Suppofc ATC. 
I fey, & -3 tf . 



DEMON5TKATIQN, 

» ■ 






B:C::D:E. Hyp. 
C:B::E:D. Cor. 7. 
C E n . 

"5" — "5" # *^ a ? 

AT C ffo. 

^ B ' 
A E 

B J D • 
A _ E 

B - T*- 

E D " 

3D ~3 #♦ 10. Q, E D. 



• * • 



8. 

^3. 



« * 



«..« 



?Ror; 



t 



Boo* Y. 



IfocurA Elements, 



*&J 



prop, xm 



If there le a certain Number of Quantities. A> B, C, 
in one Rank, and others J>, E,. F, equal to tfren* fc Number 
in another, which take* two and two *r£ i* the fame Ra- 
tio, and their Proportion- Ordinate, thaf is, if A : B : : D: E. 
and B : Q : : B *• F. *2* &**/« (f the two Extreams of the 
one Rank) fadbbe equal to the Rath of the two Eictreamsof 
the other. 

That is, &:€::&:#. 

* ■ * 

DEMONSTRATION. 

: &:C.*:-g:&. #!•. 
B:g::C:F. i* 

AjB:,:©-:B. i^f* 
A:P.::B!:E. xtf. 



v c. i. \x 

Alfoij 

Y*3vA 



&x€i%&tf. i« 0, R'tX 



PROP. 



<#« 



J Jf there he a certain Number cf Quantities] A„B, C, /* 
one Rank, and others D, K^F, fgoa/ f« tfam in Number in 
another, which taken two and- two ant in the' fame Ratio, and 
their Proportion Inordinate ; that is, if A : m : : E! :Jg. and 
B : C ". D : E. the Ratio ofitiktw^Qxtreamx of the one Rank, 
is equal to the Ratio of the -two Extrcam <tf the other, 

. fay* MM* C ti *: f» 



y*t 



Tt * 



DEMON 



i*4 



v e. i 



i 

2 



Alio 3 









c.3. 
e.2. 4. 
e. 5. 



• • 



4 

5 
6 



And 
v c. 3. 



3 

4 



Euclid's Elements. 



Book V. 



DEMONSTRATION. 

A : B : : E : F. Hyp . 
AF = BE. Lem. 1. 
B : C : : D : E Hyf. 
CD = BE. Lem. 1. 
A F = C D. ^Af. 1. 

a:C;:3B>:tf. Lm. 2. Q^E. D. 

PROP. XXIV. 

¥ <f Six Quantities A, B, C, D, E, F, the firR A, lave 
the fame Ratio to the fecond B, which the third C, has to 

the fourth D, jbat is, if -y he = ~ ; and the fifth 

E, ikrof ffo fame Ratio to the fecond B, t»jbrdb tbefixtb F, 

fcar to fibf /«wtj& D, rfw* //, if ^r he = 75-; tbenJbaU 

the firft compounded with the jfth, have the fame Ratio ta 
the fecond. which the third compounded with tbefiabbas. to 
the fourth. 

That is, * + *:* ::C + fftJD* 

DEMONSTRATION. 



_A ._ C 

B "~ T7* 

E F 

A + E 



Hyf. 

Hyp. 
C-f F 



B 



- —"IT 



ifci 



a + e:*:*C + #;». 



it* 



QtE. D. 



I 



P»RO fc. 



Book V« Euclid's Elembnts. 



i*5 



ve.i. 

ye. j. 

Now 

••• «•?■ 4- 

S+S+T5 



PROP. XXV; 



If four Qualities A, B, C, D, are fnfertional, that is, 
>/A:B::C:D, the Sum A-fD, of the greateft A, and 
the haft D.Jhatt be greater than the Sum li-f-C, of the 
ether two. 

That is,a+»r»+«. 

DEMONSTRATION. 

A:B::C:D. »£. 

A — B:B::C — D:D, 17. 

B:A — B::D:C— D. Car. 7, 

B[f"D. JHjf- 

A — BC"C — D. 14. 

A — B + B + DtTC — D + B + D. .4* ij, 

a+»r»+c* o*e. d. 



(Tit End of the Bfth "Book 



0a 
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EUCLID'S ELEMENTS, 

Demonftrated • afar a New; Plain, and Ea& 
METHOD. 



BOOK VI. 



DEFINITIONS. 

I%m0at JSiaftt.ltneB ftantts, *c Sich whole 
A feveral Angles are equal one to the other, and 
9 which have alio their Sides about the eonal Angles, 
9 proportional. * 



Thus the two Right-lined Fi- 
gures ABC, DCE, are &mU 
lit, becaufe L B = L D C E, and 
AB:BC::DC:CEj the L A 

LT>, andAB:AC::DC:D 



the LACB-LE, and BC;AC::CE:DIe. 




XUV 



* 

Book VI. Euclid** Elements; 



itl 



fteCip?OCaI figure* are fuch, as have Sides that may 

I be fo compared, as that the Antecedent of one Ratio, and 

the Coniequent of the other, is to be found in the lame 

Rgurc. B c M 

Thus the two Figures BD, BF, are 
HeCtpZOCal, becaufe as the Side AB, 
is to the Side BG, fo is the Side E B, 
to the Side BC. 










A B 

• 





Q 



The &ittt(f fte of any Figure A B C> is a perpendicu- 
lar Line AD, drawn from the Top A, A 
to the Bafe B C. 




4 ttatio i$ tain to be compotmoeft of ttxw 1Ratio% 

when the Quantities of the Ratio's being multiplyed the 
one into the other, do produce any Ratio. 

Thus the Rati© of A to C, that is^r is compound- 

ded of the Ratio's of A to B, and B to C, that is, of 



A . B 

B"^ "C* 



B 



Becaufe tt - x 7? 



AB___ A 
"BC — "C* 

la any gives Quantities A, B, C, D, the Ratio of the 

Extreams A, D, that is -j-, is compounded of all the in- 



termediate ones 



ABC 

FcTU 



o 

ABC 
IPT' D # 



A 
15 



x2 A B 

For T x c x r> 



a £tfg$t*ttne a #» i* faiD (o fit cut accotfrtns to 
txtttam attft mean Batio, when as 

the whole A B, is to the greater Seg- , R 

ment AG, fo is the greater Segmtnt A . » 
AG, to the lefs GB. Uua '. PROP. 



i£8 



Cafe 



And 
• e. i. a. 

Again 
•e.4. j. 

Laffly 
?.*c 5.*. 

ve.7. 
•Ve.5.8. 

Cafe. 



B n 

CDGF. 
• 5- 



SO. 



Euclid's Elements. Book VI. 
proposition 1. 

Parallelograms and Triangles, which have the fame Height, 
are in Proportion one to the other, as tlxir Bafei. 

VtheOf ABDC, CDGF, and A-ABD, GDC, be 
Right-angled, 

€9<B- £ c T 

DEMONSTRATION. 
BDxAB = OABDC;DGxCD = C3 
CDGF. Lem.1.1. 
AB = CD. 34. 1. 

BDxAB = CDABDC;DGxAB = = 
BDvDG::BDxAB:DGxAB. Urn. a. 
BD:DG::DABDC:OCDGF. Sub. 
= ABDC=iAABD;C3CDGF = iACDG. 41. 1, 
BD:DG::iAABD:»ACDG. Sni: 
BD:DG::AABD:ACDG. 

A €99. 11. 5- Q, E. D. 

If theO' AB DC, LDGF, and A-ABD, FDG, be Ob- 
lique-angled. 

Erea Right-angled D< B D H I, D G K H, upon the fame 
Bafes, between the lame Parallels, or in the lame Height 
withthem;fo(3s.i.)willthofe ! 

angled O" be equal to the 
Angled ones. 

Since therefore the Right- 
O'BDHI, DGKH, are (Caf, 
Proportion one to another, as th», «w 
fes ; the Oblique-angled OABDC, LDGF, their Equals ; 
as alfo the Oblique-angled A 1 A B D, F D G, (which (41. 1.) 
are the Halves of the Right-angled OBDHL DGKH) 
will be in Proportion one to another, as their Bales. Q.ED. 
I ~ "FRO P. 



■*■»■ 



Book VI. 






Euclid's Elements. 

PROP. IL 



l6$ 



. r 1 



m-i 



• i 1 



And 

ve. 1.2. 

Alio 

yc.3-4- 



If to we Side BC, qf* IW«g/* ABC, he drawn a 
parallel &ght-U*e DE, the fame JbaU wt the Sides ef tbeTri- 

4U Sides of the Triangle he cut frrtortitnjly, \hat *s t tf 
A D : D B : : A E : E C the* a Rtgbt-Une D E, joined at 
the SeBions 9, B, jkaU he parallel to the remaining Side of 
the Triangle BC 

Suppofc DEliBCJ . ',_ 



DEMONSTRATION. 







1 
3 

4 
5 



AD:DB:j 
A B D E = 
A D : DB 



x 
I* 



Alio 

V ci. a, 1 3 

AlfoU 

V C 3. 4. 
v c J. 



•5 
6 




A A D E *. A B D E. t. 
A C D B. 37. 1. ^ 
i A A D E : A C D fi. SmK 
AE: EC: : A A DE: A CDE. 1. 

a 9 :»*ua<C: CC. iJ. f. Q»E. D. 
Suppofc A D : D B : : A B ; E C 

DEM ONS TRATION, 

A D: D B : : A E : E & Byp. 

A D : D B : : A A D B: A B D E. i. 

A E : E C : : A A D E : A B D E. ii. f; 

AE :E C:: AAD-E: A CD E. 1. 

A'ADE: A BDE^. : A A DB: A CDE. tx.j. 

A" B D £ = A C D E. 9. S* 

M1I*C» ». ;-. Q«e. D, 

Xi SQHaLlOM 



I7Q» 



EucLipVEtfcMt'NTii Book VH 

i 

SCHOLIUM. 

IF tfie#e be jfacwb ratty Parallels to One Side of any 
Triangle, the* '*U cfab Segments of the Swfcs foall be Pro^ 
portion*! ^ 2s.is«k%deduciUe from the^pcccedent. 



• 



«fc 



JT** Jjgfe BAG, cfsTriangU BAC, ItftftBei, 




D C r: B A : A C »4arf // «be Segments tf the Baft 
have the 'jMe Rath, "that the ttixr Sides 4 the Trim ' 
have, that «,iRIXD C :.~.BA.: AC tbt* a Rij 
like A XV frdum'frm'tbe ToP tA y -t9 *hc x Se8k* IX 
hife* that Jt^fe "fcATC <fybe Xt)?tjk~ . 

* 4 




.. ; 



fftBF A It A T I O KT 



v e. t . 

Agaitt 

ve.a.3. 

i. e. 

5 -r- 2 



I 

■ 

3 

4 

5 
6 



Produce B A ; and -making A R = A *C, jbia EC 

-B-E M^> N$ T.R AXLO N. 



t. • a 



A P- =t: AC. :Q9»r . 

£ B A Qc^ 4* £ E +. £A £<8<l«- 

'7 f I '/I BAC fc-"*:Z. CAD, /*#.- ; ( 




» C 



Z.A 



Book VI. 

ve»tf. 7. 8 

*•* C» <$• 
V C 0. 



IO 
II 



V C I. 

-v e* 1. 3. 
v e^ 

•» C# 2* O* 

Alio e. 5. 



1 
2 

3 

4 

5 
6 

7 
8 



Z.ACE = ZC AD. Jx>9. 

A1>||BC. »7. i. 

BD :t) C : :BA : AE- x* 

» J& : fc t x x Tb a : & C. &»k Q& & «■ 

Suppofc BD r D C r : B A : A C 

D:EMONST : RATIpH. 

AC = AE. " tiuft. 

Z.ACE = /e. 5. .x: „••■;. 

BD: ; DC:*~B'A: AC. J#fc 

B t> : D C : : B A t AE. f& 

A JO || E. C. a- 

Z. B A D = /IE. »9- «• 
Z. A C E =s L B AD. .4*. 1. 

Z.ACE= Z.CAD. 29.1. 

Z/# fll. 1 ^ •*= /iCi9i *'i ? AS- DS 

1 

\P R O *P. 4V. ' ! •■ 

_ « * 

■efL&puM&iUr Vruadesi& C, D;C Ejj fie SMw vohicb 
are abeuMhe-sptfl A*$es iACB <»/ >D |E Cj, BWD 
C^B AC «*/ CDB»-*r* fr^9tihiui. 

PREPARA3tf!0*T. 




4to 1 ihc-'»ftk Cfi, and Jptodaec fl<A 
•and DE rfU 4hcy .^aiett Jo £; 

ifay, )5Ctlf:tie :■*«. »«:|^ 1 1€ € : 



X x. * 



DE- 



l 



T/2 






• • 



e. i. 

ci. 

v c. 3. 

Alfo e.*. 

v e» 4. 5. 

V C 6. 
AUbe.6. 

v c 8. 
-* c 7. 5- 



# » « 



Evcud's E lembnts. 



Book VI. 



DEMONSTRATION. 




I 



£B = Z.DCE, Z.ACB 
Z.DEC. Hyp. 
i |BF|| CD, AC || Ft. af. 1. 

3 IACDF is a O. Dtf. $$. 1. 

4 A C = F D, A F = C D. 34. 1.' 
y |BC: CE::FD:DE; BC : CE: : BA: A F. x, 

6 |BC:CE::AC:DE;BC:CE::BA:CD. S*b. 

7 BC: AC ::CE:DE;,BCiBA::Cfi: CD. 1*. $. 

8 AC:DE::BA: CD. 11. 5* 

9 B A : A C : ; CD : D E. C$r. 7. J. 

si:actt«»:^<r; QsE. d. 



SCHOLIA. 

Becauie Equiangular Triangles have alfo tl.-eir Sides about 
the equal Angles proportional , therefore Equiangular Tri- 
angles are likewise (Dcf. 1.) Similar. 

Becaufe (Hyf.) Z. A C B = 2LDEC, £ B is common, 
and coniequently (Cot. x. 32. 1,) L B A C — L F ; there- 
fore if in a Triangle F B E, there be drawn A C, a paral- 
lel to one Side F E, the Triangle ABC, fhall {Scbo. 1.) be 
Similar to the whole FBE. 

Becaufe (SUP. 6.) 8 C : C E :: A C : DE : : B A:CD.« 
therefore the bides fubtended under the equal Angles are 
Homologous, or of like Ratio, 



1 



3 



I 



PROP. 



J 



k 



Book VI. 



Euclid's Elements. 



»73 



»*» 



. Alfo 

ve. i. 2 J 

v e. y 

Again 

Alio 

V ft 5. 6. 

ve. 7. 
Laftly 

V C. IO. 

. Alfo 
ve. 12.11. 



PROP. V. 



1 

1 

3 

4 
5 
6 

7 
8 

9 
it' 

11 

12 



If two Triangles ABC, D E F, have their Sides pro- 
portional, that is, if A B : B C : : D E r*E F, and A C : B C 
: : D f :E F, and A B : A C: : DE: D F, thofe Triangles are 
Equiangular, and have thofe Angles equal, under which are 
fubtended the Homologous Sides. 

PREPARATION. 

c 

^t the Side E F, make (zj. 1.) 2IGEF =Ib, LO 
Fe = /C, whence (Cor. 2. 32. . 1.) LG— JLA, and 
confeqoently the Triangles ABC, G E F, are Equiangu- 
lar. 

I fay, L% = L&. L*=L&<Bf. Z.C=4»tf<& 

1 

D E M O N S T R A T I O N. ! 

A 
AB:BCr:GE:EF, 4- 




AB:BC::DE:EF. J$p.. 

GE:EF::DE:E1». 11. %, 
6E — DE. 9. 5. 

AC:BC::GF:EF. 4. 

AC:BC:;DF:EF. lift. 

GF:EF::DF:EF. 11. j. 
GFt=DF. 9. j. 
E F is cdmmon: 
GE =DE, GF^DF, £F is oommoni 

£G=£D;Z.GEF = £DEF,£iGFE=Z:B , 3& S. x. 
LG—L*A, Z,GEF=£B, Z.GFE=Z.C, Confi. 

L* = £-9. L#=L&€$. ZLC^/JWfltVi Ax. t. 

Q*E.I>. 



• % 



, 



*» 



B R O R. 






«p 



w^ 



17* 



Euclid's Elements. 



Book VI. 



: 



PROP. VI; 




If two Triangles ABC, D E F, have one Angle B, *- 
qual to one Angle DEF, and ii^e^Sides about the equal 
Angles B, D E F, proportional, that is, if AB:BC:: DE:BF; 
then thofe Triangles ABC, DEF, are Equiangular, and 
have thoje Angles equal, under which are fubtended the 
Homologous Sides. 

P R EP AK ATION. 

At flic Side EF, make (13. 1.) Z.GEFt= LB, LG 
FEr=Z.C, whence (Cor. t. 31. 1.) LG^LAj and con- 
fequentty the Triangles A B C, G £ F, are Equiangular. 

I fcy, L*=*L&. L*=L&€f. L€=L&fG+ 

DEMONSTRATION. 

AB:BC::GE:ER 4. 

AB:BC::DE:EF. Hyf. 

GE:EF::DE:EF. 11.5: 

GE = DE. 9- 5. 

Z.GEF=£B. Couft. 

Z.DEF=£.B. Hyp. 

Z_GEF = Z.DEF. Jx.i. 

EF is common. 

GE = DE, EF is common, £GEFs=£DEF. 

Z1G=Z.D, £GEF=£DEF, /1GFE = /1DFE. i. u 

LG = LA, LGEV=LB, ZLGFE=£C. Conft. 

L9L=L9. L*=zL»*f. L€=L&f$. Jx.u 

Q: E. D. 




The. Seventh Proportion is needkfs. 



PRp* 



Boox VI. 



Euclid's Elements* 



X7S 






V C I. 

Alfo 
ve.3. 
e. 2.4. 
f — Z.B. 
Again 

v c. 7. 
V&4.S. 

Lafilye.3.1.7. ' 1 1 

.Ve.II.IO.0. 



PROP. VIIL 

J fertetdicular A D, 7tf fall firm the Right-angle B A C, 
<^ * Right-angled Triangle ABC, «?e» f to dflp^ft* 5/<& 
BC, divides the Triangle ABC, into two others A DEL 
ADC, J&w'W * to /'//• 

That is, A'ft$C 49$, *»C *tt jbiwtteu 
DEMONSTRATION, 



r 

2 



3 

4 
5 

7 
8 




,v c 1 2. 



12 



13 



ADB is a rZl. Def. to. * 
Z.BAD4-Z.B=r^<.V.3. 3*.Ti 
BAC is a rZ.. ##. 
Z.C-H Z.B = r£. Cw. 2; 32. t; 
A B A D + A B s= Z. C +Z.B. # i*. TI 
Z.BAD=Z.G Jbc. 12. 
ADC is a r£. Def. 10. u 
LC+L CAD=r L . Cor. 3. 3 2 . 1. 
Z.C+Z.B = Z.C+Z.CAD. /»?. «» 

Z.Bs=ZiCAD. ^r. 12. 

ABAC=Z.ADB = i:ADC: Jx. zV , 

Z.BAC= Z. ADB= Z.ADC; £B = ACAD; illf 

Qt E. D. 



*y * 



COROI* 



1 



17$ 



i 



3 



Euclid's Elemints. Boot VI, 

CORQLLARIEfc 

In any Right angled Triangle, a Perpendicular being 
let fall from die Right-angle upon the Hypothenufe, will 
(Dtf. i.) be a mean Proportional between the Segments 
of the Hypothenufe. That is, B D : A D : : A D : D C. 

The. Bafe BA, is a mean Proportional, between the 
Hypothenufe B C, and that Segment of the ! Hypothenufe. 
BD, next; to the Bale. Tbatis>iBC:BA:|BA:BD. 

The Cathetus AC, is a mean Proportional, between 
die Hypothenufe B C, and that Segment of the Hypo- 
thenufe DC, next to the Cathetus. That k BC:AC 
::AC:DC j j 

■ 

PROP. IX. 



From a RitfjfJine gtvtit AB X to art: j$ axy Part fe* 
\ quired, as one. third K-Q 



i 



MtE'P AR. A T I ON. 



From the Point A, draw an infinite Lifie AC any- 
wife, in which take (3. i.) any three equal** Parts Ai), 
DM,EF;' then join FB, to which from D, draw (u- 
1.) the Parallel DG. v 



I fay,. 3 <&=**». 



> 1 ' 



• * • 



J 



p MO H-- 





i.e. 
v e. j. 

But 
0,4.5. 



c x. 



Euclid's Element* 
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1 

■ 

» 

3 

4 

5< 
6 



FD;AD::BGtAG. t. 

VD 4. AD.- AD t : BG-f AG; AG. 18. j. 

AF;AD::AB:AG. 

AD:AF::AG:AB. Or. 7. J. 

AD==iAF. Cotf. 




' 



P R OP. X. 



» .« 



1 



To &jr<fr a given Lint A D, in the fame turner as 
amber given <&*.; £E : is drvijedyf* tbat AC:CE:: 
AB:BD. 

PREPARATION. 

Join the two givca lines A D, A E, at *ny ,Aqgte 
DAE ; then having joined* E D* from the Point of Di- 
vifioo q draw (31. 1.) CBHED. 



» • -w • 



I <ay r aC:C<e:: «#:#*. 



DEMONSTRATION. 



CB||ED. Con/I. 




2. Qi E F. fc a 



•/ - 



Z^» 



*R Of. 



:$fr 



T7i 



*Eu££Uft :I L&ABSffSi 



•» »■ ■■ ■■•» 



■» * 



P R O P. Xt 



HaoK.VC 
I 



Two Rkbt-li*es.A%>>Al)i$rilg giv**, U fiU •* # 
Third D E, . m, fiqprtfM U tfctft, /* <*** A B ; A D : : 
AD;DE. - 

■ 

• . • • • ' 

PREPARATION. 



>> 



• * 



««•*** 



• • 



4* 



. And 
V c. i. x. 



Join BD, and from AB produced, take BC = AD« 
Thro' €, draw' (?«• i.) CE ||BD ; with which let AD 
produced meet in E. 

■ 

i fry, a»;a»«a*:*e* 



DEMONSTRATION. 



3 



AB:BC::AD:QE u 




/ 



■ ■ m 



m. Q. B. F. 8r D. 



PHOR XII. 




5pww afcj&r4frwDE» PF, DG, Uimgiix*, to find cut 
a, fourth G H, /* Proportion to thm, Jo that D E : E F :^ 
DO; OH- 

L 

PREPARATION. 

Join EG, and thro* F, draw <ji. i.) FH|| EG ;w*fc 
which let DG produced meet in H. 

Ifiy, 



■/'. 



StfoXv>$9. .EecxxD^s . Wlwcestx 



I b*Jgfivt/f :^M»:«f 



*7t 



.3 * ft. *. r 






UV* 



t -* -. r. •• 



.-A 



« V 1* ■ 



*l 



X 



•4-, .' t *» I • 



~+t 



i 



• ' 



f:i 



f, 



i- 



♦^•_ 



D B MO .N 8 -T B. A % I O N. 

cm 





» ft* ■*« £ k A 0$;i < a * .*•&, d. 



». 



P H P. MB, 



».* 



mam Proportional AD, fo *hat BD :AD:i AP .'DC. 

• • • • ^i • * i * 

* SREfAUATIOK. 

X^poOr the Whole Lupe^Q as, a Banieter, dcfcrlbe 
a "Swiicitfle ft A C, and having from D, eroded a Per- 
pendicular AD, meeting wjth ti)e Periphery i£ A, draw 
AB, AC,fo (31.3.) IhaU BACbca Righ^-angle. 

- > € fry, #i& :* & '* :'&3& :~&C 



# 1 



- < 



"T«i 



4. 



I 

2 



r « 



'• * /■ 



** r 



DEM dp- ^T S T R A T t'dHT 



v.». 




BAC is a'rZ.. C*/r.'- t ? -j" g .■ • ' , . .. 

"i - 1 * • 

COROLLARY. 

Hence, a Right-liae drawn in a Cfrdey frcfrri any Point 
of the Diameter perpendicular?, and extended to the 

I Circumference, is a mean Proportional, bctwuij the two 
Segments of the Diameter. 
Zn PROP. 



t8o 



El;E&fBNf& B&OX 



Hjf. 



PR © P. XfV. 

■ 

Epst PsrMigrms BD, BFJ Jtfi** «* >Cgk ABC^ 
#pu* *# Mr BBG, have the. SMt* 4tot* the ejmd Ax- 
les rectymd^fe t)b*r AB:BGV.EB\'BC J*L*ef* 
?MMogrm* BD, HP; wbicb have e*e Jwgfe ABCL, 
*f*«J to «*I$ BG, Mi rib* &*; tutoA «e tie* the e<pu& 
Jwghs recifncd, fit thst A B : B Q : : B B : B C, me ejud. 



t 



if Suppofc OBD = OBF, Z.ABC = Z.EBG~ 



PREPARATION. 

Let the Sides AB, BG, about the equal Andes, *e 
fit iaa ftimigt* Line, lb (Sdbi* ij» r.) Dmll BBC be 
likcwtfc a ftrugbt Line; alio- let DC, FG, to pro** 
ccd till ttiev meet in H. 



And 
.*«. i. 3. 

Alio 
: e. 3. 4. 



a 

3 

4 



r 



I tay,a*:0tf::C0:#C« 
DEMONSTRATION. 



AB:BG::OBD:£3BH. t- 
C3BP = C9BF. J-ftp. 

AB:BG::OBFrDBH. &fc 

EB:BC::C3BF:OBH. 1. 

a*:*e:te#:£c u. j. a ED. 




/ 



Scppofc Z-A,BC=^EBG, AB:BG::EB;BC^ 



I & y ,oj5f» :*»*#.- 



MMOK 



Hook VL 



Eucutfs Element* 



iSi 



Alio 

• C» X* X* 

Alio 
'•' c. 3. 4. 
v e. j. 



• » 



1 

2 

5 

4 

y 

6 



Iff. 



» • 



;'• e. 1. 



1 
s 



Alfo 3 
V e. 3. a. 4 

Alio 5 

C4. J. 6 



• » 



* . 



DEMONSTRATION. 

AB:BG::EB:BC i$£ 

AB:BG::CBD:QBE 1. 
EB:BC::C3BD:OBH. 11. J. 
EB:BC::DBF:OBR 1. 
OBD:C3BH::OBtf:C3Bf£ il. J, 

aj5^3±c3j5^ **« Qt E. a 

fROP. XV. 

Equal Triangles ACB, DEB, Jb**«g one Angle ABC 
«4*«/ to one DBE, have their Sides which are about 
tie equal Angles reciprocal, fo that AB:BE::DB:BC. 
And thofe Triangles that have one Angle ABC, equal to 
one DBE, and the Sides which are about the equal An- 
gles reciprocal, fo that A B ; B E : ; DB : B C, are equal, 

Siippofe AACB = A DEB, Z.ABC=Z_DBE. 

PREPARATION. 

Let the Sides AB, BE,' which are about the equal 
Angles, be fet in a ftrakht Line, fo (Scho. 1$. 1.) 
{hall D B C be likewife a ftraight Line ; alfo join C E. 

I fty, »*:»«♦♦:»»:*€♦ 

PEMONSTRATION. 

A ACB = A DEBI Hyp. A«l> 
AACB:AEqB::ADEB:AECB. 7.;. 
AACB:AECB::AB:BE. 1, . 
AB:BE:: ADEB:AECR 11, j.«/ /r ^-* 
'DE:BG::ADEB:AECB. i* cil ~ M 

a»;Xe:;^»:»C >n • s* Q.E,D. 



A a a 



Soppofe 



X$2 



M)f. 



Alfo 

• C* *• *• 

Alfo 
v e. j. 



*fr> 



3 
4 




'.-a 1. 



II. J, 



ve. 1- 



Euclid's Elements. Book VI. 

Suppofc Z.ABC=:Z.DBE, AB:BE::DBcBG 
I lay, AtC»=A^e». 

DEMONSTRATION. 

1 |aB:BE::DB:BC. /to.. 

" AB:BE:;AACB:AECB.. u 

DB:BC:: AACB:AECB. u.y. 

DB:BC::AD£B: AECB. 1. ~ 

A A CB: AECB:: A DEB: AECB 

AaC»=A»e». m, Q.E.D. 

PR. OP. XVL 

* % 5 l l A, AS^* r Profortumdy that is, iT 
A:B::C:D,^ ReB amU of the two Extrems a/dl 

tf the ReZia*gle of the two Extreams A. D, be equal to 
^iotl "" *' Q the ***' U*s aTprl 

Suppofc A: B::C:JX 
I &*-!» = *€. 

DEMONSTRATION.. 

A:B;:C:D. Hyf.. & 

&9 = $C hem, 1. j. QE.D. 

Suppofe AD=BC 

I fey, a:36::€:^. 

DEMONSTRATION* 



1 

2 



I 



f 

D 



* 



1 AD=rBC Hyp. 



1 






Q.E D. 



PROPr 




Book VL 



m> 



Euclid's Elements 

pro p. xvn. 



1*3 






And 

ve. i. a. 

v e. 3. 

*•* ©• 2* 4* 

i e. 



If three Lines A, B, C, he continually Profortiond, that 
is, ^A:B:;B:C, the ReRangle of the two Extreams A, 
C, is equal to the Square of the Mean B. And if the 
Re Bangle of the two Extreams A, C, be equal to the 
Sauare of the Mean B, the three Lints are FroportionaL 



Suppofe A:B::B:C 



preparation; 



Make D = B. 
I 6y, a€ = $Q* 



DE MO N S T RAT ION. 



1 A:B::B:C Hyf. 

2 |D = B. Confi. 
A:B::D:C. Sub. 
AC = BD. i<5. 
AC=BB. Sub. 
3lC = »q. QiB. D. 



3 

4 
5 
6 



Hyf. 



I e. * 

Alfo 3 

>.* e. 2. 3. 4 

•.•-€4. j 

ye 3. 5. <5 



I I 



A B D 






Suppofe A C = B^. 



DE M.QNSTRAT U).N.L 



AC = Bj. Hyp. 
AC = BB. 
D =r B. Confi. 
AC = BD. Sul- 
A:B::D:C. 16. 



!<» 



Q: E. Di* 



JKROP. 



184. 









VC. I.I * 

Alio 3 
ve.3. 4 

Again 5 
Alio 

< 
i 
1 
1 

*.\4.6. 54.4.; 
•ve.7.' 8 



Ecclu>V Elements. 

prop. xvih. 



Book VI. 



Uto* « Rigbt-tim given AB, to defirile * R$*4i*ei 
Bern* ABGH, SmUr f s Rtf*4inti R^tre gh** 
CFDE. 

PREPARATION. 

Male* (,j. 1.) £ABH = Z.CFE, ZGBHrrADFE, 
Z.BHa=*.FEC, Z.BHG = Z. FED, fo (Cor. 1.32.1.) 
is AA = Z.C, Z.G=£D, and confequently the A'AB 
H, CFE, as alfo the A'GBH, DFE, are Equiangular; 
alio (Jx. 11.) Z.ABH-KGBH=/LCFE+Z.DFE; 
£BHA4-2LBHG=Z_FEC+/lFED;thatis, LA 
BG=Z.CFP, Z.AHG = Z.CED. 

I fey, 9$0$, Ctf J&fc. arc fetoflar; 

H 

DEMONSTRATION.. 

A 

AH:BH::CE-.FEi BH:GH::FE:DE. 4. 
AH:GH::CE:DE. 22.5. 
AB:BH::CF:FE; BH:BG::FE:FD. 4. 
AB:BG::CF:FD. 21. y. 
ABiAH::CF:CE; BG:GH;:FD:DE. 4. 
Z1A=Z.C, £G = £D, ZABG = 2LCFD, £AHG = 

Z.CED. C«J#. 
Z.A=Z.C,AB:AH::CF:CE;Z.G=Z.D,BG:GH::FD: 

DE;£ ABG = ZL CFD, AB:BG::CF:FD;£ AHG=ACED, 

AH:GH::CE:DE. 

a#<C9,Ctf *><£,atefctmOat. d^. i. aE.F.Sr d. 

LEMMA 
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ve. 1. 

Alfo 
e. x. 



* • 



1 

2 

3 
4 






e. 1. 

Alfo 

V C. 2. 3. 

Again 
• c» j* ^, 

Laftly 
e. 7. & 
Alfo e. 3. 
,ve p. 10. 



« • 



1 

z 

3 

4 

6 

7 
8 

9 

10 



L E M M A I. 

Jf three Quantities A, A R, A R R, he continually Pro- 
portional, that is, f A:A R::AR:ARR; then as the 
tirfi 'is to the Thrra\ fo is the Square of the Brjl t» 
the Square of the Second. 

That is, a:a»»::aa:aantm. 

DEMONSTRATE ON. 

AxARR = AR x AR. 
A:AR::AR:ARR. Let». 2. , j. 
AxAARR = ARRxAA. 

a;aaftm::aa;aa»ja» hm. %, 5 . Q.E.E* 

PROP. XIX. 

Similar Triangles ABC, DEF, are in the Duplicate 
Ratio, or as the Squares of their Homologous Sides B C,- 
E F. 

PREPARATION. 

To the Sides B C, EF, find (n.) a tliird Proportional 
BG, fo that BC:EF;:EF:BG, and join AG. 

I lay, Aa#C:A3&(£!f : ; # CQ ♦* <£ 5f q. 

DEMONST RATION.. 

AB;BC::DE:EF. Def. i.- 
B C : E F r: A B : D E. Cor, 7 
BC:EF:;EF:BG.. Conft. 
AB:DE::EF:BG- 11. 5.- 
AB=Z.E.: Def. 1.-, 
LB = LE; AB:DE:;EF:BG.« 
AABG=ADfiF v 15. 
BC:BG::AABC:A ABG. u- 
BC:BG::AABC:ADEF. Sub. 
BC:BG::BCf:EF^. hem. 1. 




\ 



ii|Aa»c: A^Cfft!#<ra:tftfa. 

B-fa.b./ 



xx. y. CLE. 0, 

QOROL- 



"»."' 



& 



>\ 



1S6 



Euclid's Elements. 



Book VI. 



That is, 



COROLLARIES. 

Bccaufc (S^.9.)BC;BG::AABC:ADEF, there- 
fore if three Lines B C, E F, B G, be Proportional, then 
as the firft B C, is to the third B G, fo is the Triangle de- 
icribed upon the firft B C, to the Similar Triangle de- 
fcribed upon die fecond E F. 

2 1 Becaufo Equiangular Triangles are likewife (Scho. i. 4.) 
Similar, therefore Equiangular Triangles, are alfo as the 
Squares of their homologous Sides. 

PROP. XX 

Similar Polygons A B C D E, F G H I K, are divided into 
an equal Number of Similar Triangles, ABC and FGH, 
A C D and F H I, A D E and F I K. 2d. Thofe Similar 
Triangles are Homologous to the wholes ABCDE, FGH 
IK, Jo that AABC:AFGH::ABCDE:FGHIK::AAC 
D: A PHI-.: A A DE: A FIK. id. The Polygons ABC 
D E, F G H I K, are in the Duplicate Ratio, or as the 
Squares of their Homologous Sides CD, HI. 

A»attC atft ff<&$, 3C& and $%% &&£ 
and f % m, are Similar. 

A p 



tfi 



Ift 






DEMONSTRATION. B 






e. 1. 
v e. 2. 

Alfo e. x. 
Again 

5—4 
Moreover 

V .«• 3- 7- 



1 
1 

3 

4 
5 



7 
8 




£B = £G,BA:BC::GF:GH. Def.u 
A» A B C, F G H, are Equiangular. 6. 
CA:BC::HF:GH. 4. 
^ACB=AFHG. 

£ACB-J-^ACD=Z.FHG-KFHL *Def. 1. 
6 UACD=£FHI. Ax. ix. 

BC:CD::GH:HI. Def. 1. 
CA-.BCr.HFjGHj BC:CD::GH:HI. 



CA 



\ 



* I 



^r^m^m 






,*■« 



^■Wr 
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vc.8. 


9 


-.•e*5.s>. 


10; 


VC lo. 


11 


Laftly 


12 


vc. 12. 


13 


/c.2.11.13. 


*4 



• * 



e. 14. 



v c. 1. 

v e. 2. 
Again 
v c 4. 
v c 5. 

'•• «• 3- *' 
v e. 7. 

i. e. 
v c. 9' 7- 



And 
vc 1.2. 



*S 



2d. 



3 

4 
5 
6 

7 
8 

9 

10 



3d. 



1 

2 



CA:CD::HF:HI. 22. 5. 

Z.ACD=Z.FHI, CA:CD::HF:HI. 
A' A C D, F H I, are Equiangular. 6. 
Z.E=Z.K, EA:ED;:KF:KL De£ 1. 
A.ADE, FIK, are Fquiangular. 6. 

A' ABC and FGH, A CD and FHI, ADE and FIK, 
are Equiangular. 

a*3;©c ana f <&$, aCB attfc tf 93, a$><£ antt ff3|ft, 
aw £&tmflar* tofo. 1. 4. Q. e. d. 

A a»C: A #•<*$::«»€»«:* <B$3ft:; A a 
C*4Aff99::Aa9C:Aff9ft. 

DEMONSTRATION. 

A, A B C and F G H, AC D and F H I, are Similar, ift. 
A ABC; AFGHi:CAj:HFj'::AACD:AFHl- i 9 . 
AABC: AFGH:: AACD: A FHI. 11. 5. 
A« A C D and F HI, A D E and FIK, are Similar, iff 
AACD:AFHI::DA^:IFf ::AADE:AFIK. i< . 
AACD:AEHI:.: A.ADE:AFIK. 11. 5. . 
AABC:AFGH::AACD: AFHI::ADE:AFIK 
AABC:AFGH::AABC-fAACD4-AADE 
AFGH-f AFHI + AFIK. 12.5. 
AABC'.AFGH:: ABCDErFGHIK. 

Aa»C:Atf4&$::a#CJDG:tf «$3*ttAS 
C»:Atf$a::A8»e:A-!faft» 11.5. Q,E.D. 

DEMONSTRATIO N. 

ABCDE:FGHIK::AACD:AFHL 2JL 
CD?:Hlf::AACD:AFHI. 19. 



B b b 2 



COROI 



» 1 



1 38 
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For 

ve.i.1 

i. e. 

Alfo 



i 

2 



COROLLARIES. 

Similar Qpadrilater*! Figures- AC D E, F H I K> are akV 
in the duplicate Ratio, or as the Squares of their homo- 
logous- Sides CD, HL 

AACDrAFHI::AADE:AFIK. tl 

AAC D:AFHI::AACD+ AADl'iAFHlf 

AFIK. ii^5. 

AAGD: AFHI::ACDE:FHIK. 



4 AACD:AFHI::CDf.HU 19. 



5 



a 



For 
Alfo 

*» Cg' I • X* 



#. 



I 
% 

3 



Therefore (2t9.) Similar Triangles* (C#r. i.^ Similar" 
Quadrilateral Figures, (ac.) Similar Polygons, and confe- 

3uenriy. miiwrfally, Similar 1 Right-lined Figures, are in the 
upjicate Ratio, or as the Squares of their Homologous Sides. 

t( to CD) HI, be taken a third Proportional X,. 
thea as the firft C D; is to the third X, fo is the Quadri- 
lateral Figure ACDE, defcribed upon the firft CD, to- 
the Similar Quadrilateral Figure. F H I K, defcribed upon 
die iecood H I, fo is the Polygon ABCDE, defcribed up- 
on the firft CD, to the Similar Polygan FGHIK, de- 
fcribed upon the fecond HL 

C D : X : : C D q : H I q . Urn i. 

ACDE:FHIK:: (Car. i.)CD q :H Yq :: (}d.) ABC 

DE *FG H I Ki- 

31 SU "- 5- 
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Euclid's Elements. 



i8« 



I 



as 



s 

Therefore, if three Right-lines are Proportional, then 
as the Rrft is to the Third, fo {Cor. i. 19.) is the 
Triangle, fo (Cor. 3.) is the Quadrilateral Figure, and 



lriangie, IO \y.Or. 3.; is mc vyjauuiaiciai i'KUic, auu 

Polygon, attd confequently fo univerlally is die Right, 
lined Figure, defcribed opon the Firft. tg the Similar 
:One defcribed upon the Second. 






ve. 1. 

'.'ft 2. 

( 



x 
3 



PROP. XXL 



Right-lined figures AB"C, DEt, wfocfc *r* timildr to 
t fame Right- lined ^figure HGF, are atfo pimilar t* 



the 

one another. 



That is, 3 % c, © <fc & ate ^tmitar. 

DEMOHSTftAT t OiN, 




Z.A = Z.H - AD, AB:AC::ffG:HF::t)E:DI; 
LC>==L$— Al,AC:CB:;KF:FG::I>I<:lfe>Z.B = 
Z.G=Z.E, AB;CB::HG:FG::DE:IE- Ifcf. 1. 
A B C, H G.F j I> El, are Similar. Def. 1 . 

-**«, &<*3Lare ^wtttat. 0* e. a 



C e c 



p. R O P. 



.1*0 



Jgf. 







m\ 



Euclid's Elements. Book VL 

prop. xxh. 

Jf four Right-lints A B, C D, E F, G H, are Proforti- 
I o*al, that is, if A B : C D : : E F : G H, the Similar Right- 
lined Figures KAB, LCD, MF, NH, dejcribed upom 
thofe Lines, are Proportional* Jnd if the Similar Right' 
lined figures KAB, LCD, MF, NH, are ProPortienal, 
that is, ifKAB:LCD::MViSH,thefourUnesAb, 
CD, E F, G H, *f>o* which they are defcribed, are Tro- 
fortional. 

i| Suppofe AB:CD::EF;GH. 

PREP ARATION. 

To AB, CD, find (i i.) a third Proportional X, fo 
that AB:CD::CD:X; alio to EF, GH, find (u.) a 
third Proportional Z, fo that EF:GH::GH:Z. 

DEMONSTRATION. 

« 

AB:CD::EF:GH. Hyf 
AB:CD::CD:X ConfU 
EE:GH,::CD:X. ix. J. 
EF:GH::GH:Z. Conft. 
CD:X::GH:Z. n. J. 

AB:CD::EF:GH; CD:X::GH:Z. 
AB:X;:EF:Z. 22. 5. 
AB:X::KAB:LCD. Cor. 4. xq. 
EF:2::KAB:LCD. 11. y. 
EF:Z'.:MF:NH. Cor. 4. 20. 

»a#:&C»;:fl&tf:##. H. s . <± g. D. 

Suppofe KAB;LCD::MF:NH. 

PRE- 




:Z /fgZL^h 






I?I 



V £ I. 

Alio 



Book VI. Euclid's Elements, 

PREPARATION. 
To A B, C P, E F, find (i 2.) a fourth Proportional P R 
fo that AB:CD::EF:PR; then upon PR defcribe 
(18.) the Right-lined Figure S R, Similar to the Similar 
Right-lined Figures M F, N H. 

I fay, a#:CS>::<ftf:<£$. 

DEMONSTRATION. 
1 AB:CD::EF:PR. Cmji. 
x KAB:LCD::MF:SR. ifi. 
KAB:LCD::MF:NH. Hyto 
ve.*. 3.I4 |MF:SR::MF:Na xi. j. 
ve. 4 .|j (SR= to its Similar NH. 9- J. 
C5-U |PR = GH. 

a»:C»::«f %<&% sub. Q, E. d. 

PROP. XXHL 

Equiangular ParaMtgrams BD, BF, art in m Ra$U 
compounded of that their Sides. 

PREPARATION. 
Let die Sides AB, BG, about the equal Angles, be 
Jfct in a ftraight Line, fo (Scho. 15. 1.) lhall EBC, be 
J likewife aftraight Lmo f alfo let DC, FG, be produced 
'till they meet in H. 

DEMONSTRATION. 



« • 



ve. 1. d.17 



' 




'.*e. 1. 



Again/ 3 
.* e. 2. 3, 



OBD:DBH::AB:BG; C=BH:l=BF;:CB:BE. r* 
BD A B =>BH CB _. 

B F ~~ B~E* De f' % * *• 
BH 



BH 
BD 

35 J& 



o ##~»0 



BG' 

PBD 

DBH X D B.F 



d^: j. 



C c c 3 



s*j. o» e. a 



*ROF. 






i 



- 0> 



Jtffc 



Alfo 
Alfo 

*•" C. 2« 4*. 

Again 
v c 6. 

' Now 

y c 7. 8. 
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2 
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4 

5 

6 



8 
9 



Euclid's Elements. 



prop, xxtv 



Book VI 



h every PoraWograto B D, tbt Ptrallthigrabs E G, K ff , 
which are abwt tfie Dimmer A C, ttr* Shmlsr to the 
whole BD,M/ 0J/9 f» ©* fiuttxr. 

PREFAUtlON. 

With the kight-lines GH, ^K, drawn thto' the Point 
F, taken at Plealurc in die Diagonal A C, .parallel to the 
oppofitc Sides, divide the Pafauclogranl liD, into four 
Parallelograms EG, E H, G K, K H, lb Qkbo. 2. 4.) are 
the two Triangles A E F, F H C, Siffiilar to the Triangle 
ABC, the two AGF, FKC, Similar to the Triangle 
ADC, and cohfajiiently (11.) the three Triangles A EF, 
ABC, FHG> as attb the three AGF, AL>C* FKC, 
are Similar. 

I fey, CD*e<*> *$, <&&, tot *tmttet. 

QEMONSTk A TIO tt. 

34. 1. 

if. 1. 

Ax. 1. 

34. 1. 

AAEF = ^ABC=ZLFHC^AGF=Z.ADC=Z.FKC 
t$. 1. 

AE;EF::AB:BC;:FH:HC;AG:GF:.'ADrDC::FK:K;a 

AE = GF, AB = DC, FH=rKC. 34.1. 
GF£f:!aC:SC::KC:ACsAG;AE;iikD<'iO::PK:^H.. 



£ GF £ 



Z.GFE=£GAE. 
AGFE — zlKFH. 
£GAE=£KFR 
£KCH=AKFH. 
Z1GFE=!Z_KCH. 




Book VI. Euclid's Elements; 



in 



m S*} *>%'&• 7< 



• •• 



•* C lOf 



10 



II 



• • 



AHo 
v'c. 1. 1. 

Again 

e -3-4 
ve. j. 

Alfo 

e. 6. 7.1 8 



• ■» 



1 
2 

3 
4 

'5 
6 

7 



zlGFEWzLKCH, GF:EF::DC:BC::KC:HC; Z.GAE 
-AKFH,AG:AE::AD:AB::FK:FH, Z.AEF = zLABC 
=( £FHC,AE:EF::AB:BC::FH:HC;/.AGB = Z.ADC 
— £FKC,AG:GF::AD:DC::FK:KC 

c=*(0 <p, fe $, js> &, are similar* W- 1. Q. E. D. 

PROP. XXV. 



Unto a Right-lined Ftgure given ABC, to defcrile a- 
nother K G H Similar, which flteU aif'o be equal to ano- 
ther Right-lined figure given D. 

PREPARATION. 



Upon BC, make (44. i.)'-DBB = ABC, and upon 
C E, make (45. 1.) DCM = D; betwixt B C and C F, 
find (1 3.) a mean Proportional G H, fo that BC.G H::GH: 
CF,upon which make (18.) KGH Similar to ABC. 

I fay, & <ft $ — #>. 



DEMONSTRATION. 

BC:CF::ABC:KGH. O.4.20. 
BC:CF.^:^BE:CDCM. u 




K 



H 



» » 



ABC:KGH::CDBE:CDC3VL 11. y. 
3BK-ABC. C*n/i. 
A8C:KGH::ABC:C3CM. Sub.- 
KGH = OCM. 9.5. 
D=OCM» Coufl. 
&<£$ = ?& Jx. 1. Qe E. F. 8r D. 



We Jhatt here omit the 26th, 2jth, 2$th, and 19th 
Prop<$ti<mSt$kat art Itct cf little Cmfequence. 

d d d . prop; 



1 



«*4 



.•C X. 



Euclid's Elements." Book Vt 



I 



i 



•Vt 1. 1* 

ve.3. 4 

Now y 
ve.4.j. 6 



•P R O P. XXX. 

To cut a finite Right-line given A B, according to **- 
*rf*« «»4 mot* Ratio, jo that AB: AG :: AG:GB. 

PREPARATION. 

Make (xi. 2.) AG? = ABxGB. 

[ iky, a»:X<Br.a<P:<&;B, 

DEMONSTRATION. 

G 
AG? = ABxGB. C*#. A 1 — 

*#:&«::£<£:«#. 17. Q, E. F. & D, 

P R X) P. XXXL 

J* ay Right-angled Triangle ABC, *&* Sim of any 
two Similar Right-lined Figures B G, A L, de/triled up- 
on the Sides AB, AC, is egual to the Similar Right- 
lined Figure B F, defer ibed upon the Side B C, fubtexuiug 
the Right-augfe BAC 

That m, -B <&+* *, = ».<ff. > r >^ ^Oti 

DEMONSTRATION. 

BG:.BF::AB*:BC*;AL:BF::AC*:BQ. Cor. arid: 
BG-|-AL:BF::ABj4-ACf:BQ. iW. 
BG + AL:ABf-f ACf::BF:BCj. 16. j. 

A% + AC$:BG-fAL:rBC*:BF. Cor. 7. 5. 
ABj-fAC^BC^. 47. 1. 

»« + **:=»*. 14. J. Q»B.D. 




« 1 



The 3»4 Prefojitien is uf clefs. 



PROP. 
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I prop, xxxin. 

In equal Circles AB C, DE F, the Angles hate the Jam* 
ifio with their Arches B C, E F, on which they injtft » 

wlietber they be at the Centers, as B G C, E H F, or at 

the Circumferences, as A, D. 

PREPARATION. 

Set off (the Circles being equal) Arch C I = Arch E F, 
and draw G \ fo C*7- 3) « £CGI = £EHF. 

DEMONSTRATION. 

As the Meafure of the L BG C : the Meafure of the L C 

G1::Z.BGC:Z.CG1. 

Arch B C is the Meafure of the L B G C, Arch C I the 

Meafure of the L C : G I. 

ArcnBC: Arch CI::Z.BGC:/_CGI. .6'*k 

Arch CI = Arch E F t L C G I =AE H F. C«4& 
Arch BC:ArchEF::Z.BGC:Z.EHF. Sub. 
Z_BGG:^BGC::ZLEHF:;.Z-EHF. ij. ?. 
Z.B<jC:Z.EHF::^BGC:{Z.EHF. i<S- 5. 
|Z.A = 4./LBGC, £.D=4^-BHF, ao. 3. 
9 ZLBGC:£EHF::Z.A:£D, S«*. 

ii. 5. Qt E. D. 

SCHOLIUM. 

In the lame Circle ABC, die Angles BG C, CGI, at 
die Center, (and confequently their Halves at the Circum- 
ference) have (Step. \.) the fame Ratio with their Arches 
B C, C I. The lame is true of the Sectors GBCG, GCIGi 
as alfo of the Seaors G B C G, H E F H, in the lame, and 
equal Circles, confidering them as Angles. C O- 



i 9 6 



For 

Alfo 
• rli. 3. 
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COROLLARIES. 
Bccaulc as the Angle B AC, is to a 
Right-angle B A G, fo (Stho. 3 }•) is the 
Arch B C to the Quadrant B G. There- 
tore as the Angle B AC, at the Cen- 
ter, is to four Right-angles, lo is the \ 
Arch BC, on which it infills, to four 
Quadrants, that is, to the whole. Peri- 
phery ■ . 

The Arches Df, BC, of uneqqal Circles-, which fub- 
tend equal Angles, whether at 'the Centers, is DAF,. 
B A C, or at the. Peripheries, are Similar ; fo that as the 
Arch D F, is to the whole Periphery D E H, fo is the 
Arch B C, to the whole Periphery BC I. 

^.DAF: 4 rZ.':: ArchDF:DFH: Cor. 1. 
LBAC-.Ati.-:: ArcbDF:DFH. 
LHS.C-.jpL':: Arch BC:BCI. Cm. 1. 
awft »tf •.»*!•:: a«^»C:»«f. 11. $>■ 

Two Sernifianieters A B, A C, cut off (Cor. i.) Si- 
milar Arches D F, B C, from Concentric Peripheries.. 

the End of the Sixth Boo(. 
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EUCLID'S ELEMENTS, 

Demonftrated after a New, Plain, and EahV 
METHOD. 



BOOK XI. 



DEFINITIONS. 

iJgOD? or fisoliB, is that which hath Length, 
Breadth, and Thicknefs. 
As the Figure A D, whole 
1 AB, Breadth BC, and Thick- Cl 

nefs'C D. 

Becaufe a 2BoDt of ^olfQ, hath Length, Breadth, 
and Thicknefs, it is called a Quantity of three Di- 
menfions, and is fuppofed to confift of an Infinite Num- 
ber of Surfaces. 

The (EjrtreiWtieS, or <EnD0 of a Solid, are Supe- 
rficies's or Surfaces. 

. E e e 3- Bf gjrf.- 



^1 



1*3 
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Book XI. 




a ]Rfgtt*ttne i* Qtvpentritufox . to a ©tone, 

when 'tis Perpendicular to, or makes Right-angles with, 
all the Right-lines it meets in that Plane. 



Thus the Right-line AB, is Per- 
pendicular to the Plane C E, if it 
be Perpendicular to, or make Right- 
angles with, all the Right-lines BC, 
B D, BE, B F, it meets in that 
Plane. 



d>tre $lane ifi pttpmUculav to another, when 

a Perpendicular Line drawn upon one of them to the 
common Section, is alfo Perpendicular to the other. 



Thus the Plane A B, is Perpendicular 
to the Plane CD, became the Line EF, 
drawn upon one of the Planes AB, Per- 
pendicular to the common Se&ion GB, 
is alio Perpendicular to the other CD. 



If the Line E K, be not Perpendicular to the Plane 
C D, and from the Point E, a Perpendicular E F, be 
drawn to it, and alfo the Line K F ; the Angle E K F, 

is the Inclination of tye 4Une $ ft to toe Mam 
The ^inclination of one #lane to another, is 

the Acute ;Angle form'd by the two Perpendiculars, 
drawn upon each Plane, to their common Section. 




Thus 



u 
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Thus the gtWWlWtfotl of the 
Plane A B, to the Plane C D, is 
the Acute Angle EFG, form'd by 
the two Perpendiculars E F, G F, 
drawn upon each Plane to the com- 
mon Section. 



$S?allcl PUtltS, are fuch as being produced infi- 
nitely, will never meet. 



A feottD 8riSfe A, is that which 
is contained under more than two 
Plane Angles B A C, BAD, CAD, 
not being in the fame Plane, but meet- 
ing all at one Point A. 

A J&ritttli is a Solid Figure contained 
under Planes, whereof the two oppofite 
A, B, are Parallel, Similar, and Equal; but 
die others are Parallelograms. 



I 



A j&ataHeleptpeoOH, is a Solid Figure, contained un- 
der fix Quadrilateral Figures, whereof thofe which are 
oppofite are Parallel. 

fetttttiflt feOll'DS, are fuch as are bounded by an 
equal Number of Similar Planes. 

■ ■ a" '" 

Similar at»i> eiJUal ffeOlftfS, are fuch as are bound- 
ed by an equal Number of Similar and equal Planes. 



E e e 1 



PROP. 



20O 
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V C. I. 

But 
ye. a. 3. 
i e. 



1 

2 

3 

4 
5 



PROP. I. 

J Right-line C D, in a Plant A B, // produced, will 
ftill le in that Plane. 

PREPARATION. 

Draw (ri. 1.) from the Point D, in the Plane AB, 
the Right-line DEICD, and another D F JL D E. 

1 fay, ZU Mqfytlint €& ptontwefc, in in tf)t 
$Iatte a#. 



BEMONSTRATION. 




Z.EDC + ^EDF=,'r^'. Def. 10. t. 
The Right-lines CD, DF, make one Right-line C F. 14. 1. 
The Right-lines CD, D F, are in the Plane A B. Conft. 
The Right-line C F, is in the Plane A B. 

jpe tf ig#t4tne C & produce** t* in t&e $iane a »♦ 

V4; E« !-)• 

'prop, e 

Every Triangle ABC, is in the fame Plane ; as are 
alfo two Right-lines CD, BE, which cut each other. 

PREPARATION. 
Draw at Pleafure ia ihe A A B C, the Right-line F G. 

I &y 



Book XL 
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8GW 



For 

Then 
But 






v c. 5» 
v c..6- 

V c J. 7. 



2 
J 

4 

6 

7 
8 






For 

Or 

But 



• • 



•■■• 




2 

3 
4 



I fay, A9ttC ft in tfce tarn 
a* are aid CJ&, $$» 

DEMONSTRATION. £ 

If part AFG, of the A A B C r fbould be in one Plane, 

part BCGF in another. 

A F, F B, would, be in different Planes. 

AF, FB,are in the fame Plane. 1. 

Part of the A ABC,- is not in one Plane, part ia another* 

A ABC is in the lame Plane* 

CA* BA, are ia the fam« Plane. 

CD, BE, are in the fame Plane 1. 

A$ttC fain tfje fame $tene, ** are alfo €&, &£, 

(^ E. D. 

PRO P. in.. 

The common Stftio*- EF, •/ two Vlmes AB, CD, is 
a Right-line- 

PREPARATION. 

Thro' the Points E, F, of the common Section E F, 
draw (f«y?. 1.) in the Plane AB, the Right-line EGF, 
in Plane C D, die Right-line E H F. 

I fay, €$e common Section c 
ef t$ a Bitf&fcttne* 

DEMONSTRATION. 

Either the Right-lines EGF, E H F, will coincide in the 
common Section, and make one Right-line E F. 
Two Right-lines EGF, EHF, will include Space, 
Two Right-lines cannot include Space- Ax. 20*. 
The Rigbt4ines E G F, E H F, will coincide in the com- 
mon Section, and make one Right-line EF. 

C$e common £eft(on €f is a Kig$t*%m+ Q- e. d. 

J, V- f t- PROP. 
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• • 



vc, I. 

Again 

V c. i. 3 

v c. 4. 

.•^•4.5.3^ 

V C. 6. 

Laftly e. »• f 

v c. 8. 

ve.7.8.9. 

V C. I o. 

c.7.ii.i.( 

VC. 12. 

e. 13 
Alio 



« * 



• « 



« . 



2 

1 

4 
5 

6 

7 

8 

o 

I 

z 

S 

16 






PROP. IV. 

If a Right-lint A B, be ferfendicular to two ether C D, 
E F, which cut each other in a Point B, fo that ABC, 
A B D, A B E, A B F, be Kight-angles, H voiU be alfo Per- 
fendicnUr to the Plane of the Jam Lines. 

PREPARATION. 

Make B C = B D = B E ss B F, and having joined E C f 
DF, and drawn thro' the Point B, the Line GH at 
Pleafure, join AE, AG, AC, A F, AH, A IX 

I iajr, a#-L tht $Utte €€f&. 

DEMONSTRATION. 

BC=BD = BE=BF, AB i$ common, 

L ABC=Z. ABD= L ABE= L AEF.Con/f. 

AC = AD, AE=AF. 4.1. 

L CBE= L DBF,ZLCBG= Z.DBH. 1 y. 1. 

BC=BD, BE = BF, Z.CBE =Z-DBF. 

EC = DF, ZLBCG = ^.BDH. 4. 1. 

BC = BD, ABC-G=Z.BDH, /LCBG 

CG- DH, BG = BH. x*. 1. 

AC = AD, AE=AF, EC = DF. 

ZLACG = Z.ADH. 8. 1. 

CG — DH, AC = AD, L KCG — L ADH. 

AG = AH. 4.1. 

BG— BH, AG = AH, AB is common. 

AABG^AABH. 8. 1. 

ABJ.GH. Def. 10. r. 

After the lame . Manner, it A B J. all the Right-lines it 

meets in the Plane ECFD. 

3ttX tty &Uty €€f&. Def. 3. Q. ED. 

PROP. 




Z.DBH. 
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For 

Then 

AHb 
c. 3. 2. 

But 



• • 



3 

4 
5 



8 



Jjf a Right-line A B, £* ferfenalcular to three others B C, 
BD, BE, which cut each other at the fame Point B, they 
wiU be all three in the fame Plane. 

PREPARATION. 

If B E be faid not to be the common Se&ion of the 
Planes A E, FD, and confequently not to be in the fame 
Plane with B C, BD, which (2*) are in the fame Plane 
F D, let any other Right-line B G, be the common Se&ion ; 
fo (A B being (Hvf> .) JL B C, BD, and confequently (4.) 
to the Plane FD) wiU Z1ABG, form'd by XAB and 
that Right-line BG, be (Def. 3.) Right. 

1 fay, $<t, $&, # 6, are in tfje tame plant 



DEMONSTRATION. 



If any other Line, befides BE, fhould be the common Se£tion 

of the two Planes ; as B G. 

£ABG, form'd by j_AB and that Right-line BG would 

be Right. 

LA BE is Right. Conft. 

L A B E would be — L ABG. Ax. 1 1. 

/.ABEC'^ABG. Ax. 17. 

No other Right-line, befides B E, is the common Section 

of the two Planes. 

B E is the common Se&ion of the two Planes. 

$C, JW, $$> ate in tfce feme $lane* Q» e. d. 




F f f 



PROP. 



!04 



vt I. 

Again 



ve. 1.2.3. 4 



v c 4. 
But 
vc. 5.6. 
v e. 7* 

Laftly 

V C; 9. 

Vc 10.8.3. 
{ V C. 1 1 • 

Alio 
ve.13. 12. 
e. 14. 3. 
e.15. 



1 

% 

3 



• • 



• • 



5 

6 

7 
8 
9 
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If two Lines AB, CD, be ferfenfyular to the fame 
'Plane EF,/* that ABD, CDB, fc Right-an^es, tbofe 
two Lines ate farajlel. 

PREPARATION. 

In the Plane EF, draw (ti. 1.) GDIBD and = 
AB, fo (Def. to. 1.) k £GDB Right, and confequent- 
ly (Jx.ii.") =L ABD, draw alfo BG, AG, AD. 



1 %, allies*. 



C A 



o 
I 

2 

3 

4 

5 
6 



DEMONSTRATION. 

GD = AB, BD is common, Z.GDB=Z.ABD. Conft. 

AD-BG. 4.1. 

A G is common; GD X B D ; ABD, C DB, are r Z. '. C<mfl. 

GD = AB, AD = BG, AG is common. 

£GDA = /LABG. 8. 1. 

ABG is a xL. Vef. 3. 

GDA is a vL. 

GDI AD. Def.io.z. 

CDG is a t-L. Def. 3. 

GD1CD. Def.10.1. 

G D 1 C D, A D, B D. 

CD, AD, BD, are in the feme Plane, y. 

AB, AD, BD, are in the fame Plane 2. 

AB, CD, are in the fame Plane. 

AB, CD, are in the fame Plane, ABD, CDB, ate rZ. s . 

'attllCJD* 2:8.1. Q.E..D. 



I P R OiP. 



Book XI. 
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For 
Then 



• • 



But 



• • 



• 4 






3 
4 
S 

6 

7 



PROP. VII. 



If there he two parallel Right-lines A B, C D, and any 
Points E, F, le taken in both of them y the Right-line E F, 
wh/ch joins the Points, is in the fame Plane with thofe 
far Ms. 

PREPARATION. 

The Parallels A B, CD, being in one . Plane, let the 
Right-line E F, be in aaotheu Plane H F, which cues the 
Plane that AB, CD, are in, in the Points E, F, and 
draw EGF. , H 

i fay, <tf 10 in tfce fame $l*ne 

ism a & c#>. 

DEMONSTRATION. 

If any other Line, befides EF, fhould be the oommon 

Section of the two Planes ; as EGF. 

That Line EGF, would be a Right-line. j. 

Two Right-lines EF, EGF, would include Space. 

Two Right-lines cannot include Space, Ax. 20. 

No other Line, befides EF, is the common Section of the 

two Planes. 

E F is the common Section of the two Planes. 

<tf in in $e feme $iatte toity a ft, € &. Q* e. d. 

PROP. VIII. 

If of two parallel Lines AB,CD } tbe one AB be perpendicu- 
lar to a Plane E F, the other C D, will be alfo perpendicular 
to the fame Plane, 





PRE- 
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v c. i • 

Aoain 

frj — - 

VC.I.2.3. 

•.€.4. 

But 

V C 5. 6. 

v c. j, 7. 

*•* C« o« 

v c 9. 
But 

VC. I O.I I. 

ve. 12. 

v|e. 3. 1 3. 

v c 1 4. 

VCJ5' 



1 

.2 

3 

4 

5 
6 

7 
8 



DEMONSTRAT 



F 



o 
1 
2 

3 

4 
5 
6 



I 



Euclid's Elements. Book XL 

PREPARATION. 

Draw the Line B«D, cutting the Parallels in the Points B, 
D, fo (ABO being (Def. 10. 1.) a Right-angle) will the An- 
gle CDB, be (29. 1 .) alio Right. In the Plane E F, draw (1 1. 
1.; GDjBDand =AB, fo (Def. 10. 1.) i» Z.GDB 
Right, and confequently (Ax. 21.) = L ABD, draw alfo 
BG, AG, AD. 

I fay, Ca&l$tf» <j> A 

?S = »5» BDis common » Z - GDB =^ABD. CM?- 

AU=:BG. ^. I. 

AG is common; GDB, CDB, are r/ s . Conk 

GD = AB,AD = BG, AG is common. V * 
ZLGDA=ZLABG. 8. 1. 

ABG is a tL. Def. 3. 

G D A is a rZ. . 

GDB, GDA, are tL\ 

GDJLBD, AD. Def. io.il 

GD j the Plane of BD, AD. 4. 

rSi C 2? a 5 m *f$S*Ji?* with BD » AD. 7. 

GI>JL the Plane of AB, CD. 
• DG is ar£. Def. 2. 
CDB, CD G, are tL\ 
CD X BD, GD. Def. ,0. r. 

Cj&j.<£# t 4, QB.D. 

PROP. DC 

7-f?n"S!f X AB,CD,«^* «r ^^f| to the fame Rid*. 

PREPARATION. 

In the flue of the Parallels A 8, EF, draw GUI EF • 
alfo in the Plane of ttte Parallels CD, EF, draw GI JL EF ' 

djb'mgTn- 



L 



Book XI. Euclid's Elements. 

DEMONSTRATION. 



Again 

,-e. 3 .2. 

■J-c: 4. 

Laftly 

,• e. 6. 2. 

:■ c. 7. 

,-e. 5 .8. 

VC.J. 



Alfo 
Vtl.t. 

.•••e.3- 
ve.4. 

Alfo e. 4. 

•••t.«.J. 

ve.7. 

ve.x.8. 

:••&»■ 



1 — lui — * 

! »= JS 



EG LGH, GI. Cmfl. 

EGi the Plane of GH, GI. 4 

AB||EG. fl>f. 

ABHEG, EGi the Plane of GH, GI. 

AB 1 the Plane of G H, GI. 8. 

CD || EG. Hr{. 

CD||EG, EGjl the Plane of GH.GI. 

CDJ. the Plane of GH, GI. 8. 

A B, C D, are ± the Plane of G H, G I. 

a»n«». «• Q.B. d. 

PROF. X. 

If two Right-lines AB, AC, touching me mother, he (a- 
rellel to two other Right-lines D E, DP, touching me ana - 
the r, but not in the fame Plane with them, thofe Richt-lines 
contain eqnd Jngles BAC, EDF. 

PREPARATION. 

Make AB= DE, AC = DF, and join Be EFBE' 
AD, CF. ' ' 

I fey, LTb%€=L«&$, 

DEMONSTRATION. 

AB||DE, AC||DF. Hyf. 

AB = DE, AC = DF. Conft.} 

AB|| and = DE, AC|| and = DF. 

BE || and = AD, CPU and — AD. «. 1. 

BE = CF. Ax. 1. 

BEHCF. 9. 

BEI| and = C F. 

BC = EF. i}. 1. 

AB = DE, AC=DF, BC = EF. 

f»%t=L<£»f. 8. 1. Q,E. ft. , 

g g g * .- ' p r p; 



$o8 



• Euclid's Elements. 
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1 



PROP. XI. 



' 



'Fmn a Point given A , without a Plane C D, to let fall 
a Line AB, ferpendiwlar to the /aid "Plane. 

PREPARATION. 



ve. i.lx 

Again 3 

re.* 3. 2. 4 

»V c. 4* 5 

VC.5J6V 

f»* C. 6. *j 

Alio 8. 



In the Plane CD, draw any Line EF; upon which, 
from the Point A, let fall (12. 1.) the J.AG; and from 
the Point G, in the Plane CD, draw (n. 1.) the J. G I, 
upon which, let fall (12. 1.) the XAB, and thro* the 
Point B, draw (31. 1.) HB|| EG. 

1 fay, a#icjD« 

DEMONSTRATION. 



EG I AG, GB. Conft. 
EGX the Plane AGB. 4. 



HB |EG. Conft, 

Hfi J EG, EGX the Plane AGB. 

HB ithe Plane AGB. 8. 

ABH is a rZ.. Def. 3. 

A B 1 H B. 'Def. 10. 1. 

A B X G B. Conft. 

A B x H B, G B. 

a«i<^ * Q» E. D. 




PROP 



1 
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• • 



.•©.1. 



1 

2 



For 

Then 

But 



5 

4 



from a Point given B, in a Plane BV, to ercB a Right- 
Line A B, perpendicular to thef /aid Plane. 

/ 

PREPARATION. 

■Upon the Plane EF, let fall (11.) aay perpendicular 
CD, and thro 7 the Point B, draw (31. a.) AB j|CD. 

» 

DEMONSTRATION. 

ABJ CD, CDxEF. C<w#. 
aj5l«!ff. 8. QjE- D- 




PROP. xiti. J 






•«;i 



7w& Right-lines, tame* le drawn perpendicular to a Plane, 
ihro % the fame "Point. 



r \ 



t R £ PAR ATIOR 



» « 



Thro' the Point C, in the Plane AB, draw the Right- 
line? CD, CE. u 

1 fay, c 9 and $ & are not 1 a %. 
DEMONSTRATION. 



If CD and CE were ±AB. 
CD would be || C E. 6, 
CD is 'riot J] CE. Def 34. i. 
C9 and <£<£ are tTOt lO. Q: E. D. 

H h h 




PRO^ 
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For 

Then 
But 



3 

4 



PROP. XIV. 

Planes C D, E F, to which the fame Right-Hut A B is 
Perpendicular, are fa/allel, 

PREP ARATION. 

If C D, E F, be (aid not to be parallel, fuppofe them 
to be produced till they meet in feme Line GK, in 
which caking any Point I, draw to it the Right-lines 
A I, B I, in the laid Planes ; fo (Def. 3.) will IAB,IBA, 
be Right-angles. K 

1 fey, cmejr. 

DEMONSTRATION. 




If C D, E F, being produced, fhould ever 

meet ; as in G H. jjr 'p 

IAB, IB A, two L % of a A, would be =2rZ_'. 

Two L* of a A are -3 » rA'. 17. 1. 

C D, E F, being produced, will never meet j as in GE- 

C*ll#f. Def. 7. Q.E- D. 

P R O P. XV. 

If two Lines A B, A C, teaching we the other, he paral- 
lel to two others DE, DF, touching one the ether, hut not 
in ike fame Plane with them, their Planes B C, E F, are 
alfo parallel. 

PREPARATION. 

From the Point A, draw (11.) A Gj. E F, and thro* the 
Point G, where it meets the Plane, draw (31.1.) in the 
fame Plane, the Right-lines GH, GI, parallel to DE, DF, 
fo (9.) are they alfo parallel to A B, A C j moreover H G A, 
I G A, are (D<f. 3-) Right-angles. 

I fay, 



Book XL Euclid's Element* 

Ifay,.»CII*f. 

DEMONSTR ATIOH 



2l> 



ve. i 

Alfo 

•••«•)• 

,*e.*.4. 

ve.5. 

vtC. 

Alio 

e.7.8. 

ye.?. 



But 



GH||AB,HGA is a r£; Cms?. 

BAG is a *L- jj. 1. 

Sill AC, IGA is a cL. Cotft. 

C AG is a r£.. »>• 1. 

BAG, CAG, arcrA'. 

AGJ.AB, AC Def. 10.1. 

AGJLBC. 4- 

AGJ.EF. Cm/?. 

AGJ.BC, EE 

UCIlCf. 14. QiE. DJ 

PRO P. XVI. 

// <«» (.WW P/««J AB, CD, he cut V/ Jme- other 
Plane EF, their comma* SeBiMs tie dfo farallel. 

.That is, *»ll««. 






demonstration; 

EH, GE, being produced, will ftill be in the Planes AB,. 

CD, produced. 1. •.„ 

The Planes AB, CD, being produced, will never, meet.:. 

Dff£ 7' 

EH GF, being produced, will never meeti 



P R:0 P.u 



212 



. 



Euclid's Elements* 



prop. xvn. 
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If two Right lines AB, CD, U cut by parallel Planes 
G H, IK, L M ; they (hall be cut Proportionally , fo that 
AE:E3;;CF.:FD. 

P RE PARATION. 

In the Planes OH, IK, LM, draw the Right-lines AC, 
EF, BD, as alfo AD, paifing thro' the Plane IK, in the 
Point O. 

I fey, ae$€*::Cf :**. 



DEMONSTRATION. 



ve. i. 

Alfo 



•» • 



■* • 



e.3. 
c.2.4. 



1 

2 

3 

4 
5 




EO)|BD. 16. 
AE:EB::AO:OD. *. 6i 
0B||AC. 16. 
CF:FD::AO:OD: a. 6. 



prop. xvra. 

If a Right-line AB, be Perpendicular to a Plane CD, 
all the Planes in which that Line is found, are Perpendi- 
cular to the fame Plane. 

PREPARATION. 

» 

Thro' A B, dritw any Plane E F, making the Seftion G F, 

with the Plane CD; from fome Point whereof I, draw (1 1. 

1.) in the Plane EF, the X HI, fo (ABI, HIB, being 

I (fief. 1®. 1.) Right-angles) is H I (a 8. 1.) || A B> 

1 I fay 
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■• • 



Alfo 



• • 



1 

2 

3 

4 



For 
Or 
But 






• • 



I fay, an t$e Want*, in WW *# fe fotrob, ere 1 

E g A 

DEMONSTRATION. 




HIHAB, ABJ.CK C««5/?. 

HI J. CD. 8. 

EFxCD. *Def. 4. 

After the lame manner, are all the other Planes, in which 

A B is found, X C D. 

an tfje iNone*, its tt#cf) a# t& fount), avex Cfe 
CL E. d. 

prop, xne 

Jf rim P/*« j A B, ED, which cut each other, le ter- 
fendicular to another Plane IK, their common Se&tien EF, 
will be ferpendicnlar to the fame Plane, 

PREPARATION. 

From the Point F, draw (1 1. 1 .) in the Planes A B, ED, 
the Right-lines F G, F H, perpendicular to the common 
Sections F B, F D, lo (AB and ED being (Hyf.) ±1%) 
are FG and FH alfo (Def. 4.; x*K- 

i&y,c$eeomroottfcectfort<etfl3lfc «■ 

DEMONSTRATION, 

Either 1'FG, FH, will coincide in the 

common Section, and make one j,EF. 

Two Right-lines can be drawn x a Plane, thro' the lame 

Point. 

Two Right-lines cannot be drawn X a Plane, thro' the fame 

Point, x 3. 

X* F G, F H, will coincide in the common Se&ioa, and makt 

oneXEF. 

1t$e common Jbectfonttf i-3l*» Q»E.D. 

I Iii PROP 
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PROP. xx. 



v ex. 
Againh 

e. 2. 3. 4 
i. c 5 
5 — BE. 6 

Laftly 7 

V«. 1. 7. 6. 8 
V C. o, 

J+Z.BAD.IIO 



#" 4 SoW Jngle A, fo contained under three Plane 'An- 
gles B AC, BAD, CAD, any two of them howfoever ta- 
ken, are greater thai that which remains ; fo that the 
Sum of the Lefl'er Angles CAD, BAD, is greater than 
the great eft BAG 

PREPARATION. 

From the greateft BAC, take (aji 1.) LBAE=L 
B A D, and making A D = A E, draw BEC, BD, DC. 

I fay, £C*9 + £fta9CT£*9C 

DEMONSTRATION. 

AD=AE, AB is common, £BAE=Z.BAD. Conft. 

BE = BD. 4.1. j» 

BD + DCC"BC ao . i. 

BE + DCcrBC. Sub. 

BE4-DCC BE + EC. 

DCCTEC Jx. \6. 

A C is common 

AD= A E, AC is common, DCCEC. 

Z.CADC/-CAE. 2j. 1 




ZLCAD 



.•cj.io. iiZ-CAD + Z.BADC"£CAE 



Z.BADCACAE 



Z.BAD. Jx. 1 j. 

Z.BAE. Sub. 



lc.\i2\L€<l&-{-L'g>gi&CL*H<t. ftE. D. 



PROP. 



v 



I 



.M '■■ JHHH J^' 
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VCT. 

Alfo 

[v e. 3. a. 

But 

C.4.5. 



• • 



2 

3 

4 
5 
6 



PROP. XXI. 



Every Solid Angle A, is Contained under lefs Angles than 

four Right' 

K PREPARATION. 

Having drawn a Plane, cutting the Sides of the Solid An- 
gle any-wife, and making as many Triangles ABC, A C D, 
A D B, as the Plane hath Sides ; denote all the Angles of the 
Plane by X, and the Sum of all die Angles at the Bafes of 
the Triangles (every two of which, together with a Corret 
pondent Jingle of the Plane, form a Solid Angle) by Z. 

I fay, a-l4*£% 

DEMONSTRATION. 

X = twice as many rL\ bating four, as the Plane hath 
Sides. The. 1. 1. 

X 4- 4 xL * = twice as many rL\ as the Kane hath Sides. 
Z 4- A = twice as many r L *, as the Plane hath Sides. 32.1. 
Z + A = X-l-4r£ J . Ax. 1. 

ZtrX* ao. 
a^f£\ Q:E. D. 

The a id and %id Proptfitions are needlefs. 

PROP. XXIV. 

Jfa Solid A B, he contained under parallel Planes, the opp$- 
fite Planes thereof, arefm&ar and equal Parallelograms. 





I 



I U 2 



PRE- 



21$ 



V C I. 

V c. x. 
•; e. 3. 

Alfoe. 3- 
v c. 5- 

v e. 4* 6 



.v c 7. 
,vc 8- 

,V c. 9- 
Alio 



Euclid's Elements. Book XI; 

PREPARATION. 
Draw D F, C G. 

1 fry, &9e oppoate fManei are Omttav an* raw* a 1 . 

DEMONSTRATION. 



Each Plane cuts four others, whereof the Oppofites are paral- 

The common Sections of each Plane with the oppofito Planes 

are parallel. 16. * 

Bach Plane is a O. Def. 3J. »• 
AF = HG, AD = HC ja.1. 

AFl|HG,AD|| HC. Dtf- 35. 1. 
i |Z.DAF=Z.CHG. 10. 

F = HG, AD = HC, Z.DAFs ZXHG. 

8 

9 
10 

II 



3 



5 




» » 



,_, ~». - -~. equiangulai 

A* D AF,' CH6.' are fimilar and equal. ' Scbo. i. 4. 6. 
a* A E, HB, their Doubles, are fimilar and eaual. 
After the lame manner, are the other oppofite Planes, fimilar 
and equal ca'» ^ ^ 

ia iC^eoppo«te#tone0ate0maetanoeauala' QlE.d. 

prop. xxv. 

if ParaVelefipeden A B, Je ft* ty * Plane C D, f *- 
niiw to the effrtte Planes AF, EB; the Solids AC, 
E C, which are formed hy that Divtfion, are to one one- 
ther as their Safes A I, EL 



PRM- 



k 



t* 



Book XI. 






ve. i. 

vc a. 

i. c. 



And 
Alio 
c.3. 
c 1.2.4. 



• • 



• . 



e, $ 



x 
a 

3 
4 



1 

x 

3 
4 
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Imagine Plants parallel to the common Bafe- AG, to 
pafc thro' all the Points of the Line A H, that may be 
taken for the common Height of the two Solids AC, 
EC j and thefe Planes will divide the Solids into little 
Plaaes or Surfaoes, equal in number in both, of which 
(Def. 1.) they are fuppofed to confift. 

1 fry, fc3:C3::ac:«C. 

DEMONSTRATION. 

AT If 

Each Plane of each Solid is = its Bafe. 24. 

AI:EI:: each Plane of AC: each Plane of EC. 

At: EI:: all the Planes of AC: all the Planes of EC. it. 5. 

a3J:<C3J::aC:<f<r. 0* E. D. 

The. %6th and tyth Proportions are neeMefs. 

prop. xxvm. 

* 

■ 

A Parallelepipeds A B, is divided into two equal Prifms 
BDHFGC, EDHAGC, h a Plane DC, which pajjes 
thro* the two Diagonals GC, DH, of t he oppqfite Planes 
FA, BE. 

That is, *»9.ff*C=:e99MfC v 
DEMONSTRATION. 

D C is common. Con/l. 

BC and DA, BG and HA, are equal 24. 

B E and F A, are equal. 24. 

BDHand EDH, FGCand AGC, their halves, are equal. 

DC is common, BC and D A, BG and HA, BDH and 

EDH, FGC and AGC, are equal. 

^ Kkk PROP. 
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sr8 
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PROP. X5tlX, and XXX. 

Solid VvMtfatim CBADHEFG, CKIDHLMG, 
I ring conjtituted *foM the Jam Bate CDHG, and in the 
Jame Heigfjt, that ts, letuxe* the fame parallel Planes A M, 
D G, are eqnal m to the ether. 

If the Parallclcpipcdons CBADHEFG, CKIDHL 
MG, have their infilling Lines CB, CK, GF, GM, DA, 
DI, HB, HL, placed within the lame parallel Planes 
CBMG, DALH. 

I lay, €****€* <* = C*a»$*fl&<B. 



••• ci.lx 

Alfo e. i.l j 

VC.3.I4 

i.e. I* 

••• c. 7.] 8 
Again) 9 
Lafttyh© 
AUoln 



DEMONSTRATION. 

D E, D L» arc q*. 14. 

AD = BH,ID = LH, 34.1. 

AE = DH = IL. 34.1. 

AE = IL. Jx. u 

AE-IB=xIL — IE. Ax. i». 

AI = EL. 

AD = BH, ID-LH, AI = EL. 

AADI=AEHL 8. 1. 

After the feme Manner k ABC! 




AFGM. 



v e. x*. 

i*}flCXHHC 



14 



AKzsqEM. 36. t. 

««wiii,aDB=aHF,aDK=caHM. 14. 

.^l. f .,aii.|ia AADI= ARHL, ABCKrr AFG^ aAK= a EM, 

I le>DB=scaHF, caDK=aHM. 

Prifin ABCDIK= Prifm EFGHLM. Def. is. 
ABCDIK -f IDCKFEHG = EFGHLM -f IDCKFE 






If 
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Cafe 






Alio 1 1; 



If the Parallelepipedons CBADHEFG, CKIDHL 
M G, have not their infifting Lines C B, C K, G F, G M, 
D A, D I, H E, H L, placed within the fame parallel Planes. 

PREPARATION. 

Having produced IL, FE, which being (Htf^ in the 
fame Plane will meet in the Point N, as alfo BA, KM, 
which being (H)f.) in die fame Plane will cpt each a- 
ther in the Point X, and meet I L, F E, (which (Hyp.) are 
in the fame Plane with them) in the Points O, P, join 
CX.DO, HN, G f ; fo will the oppofite Quadrilateral 
figures P G H N, X C D O, be parallel, they being in the/ 
feme Plwies wifh F<?BE,3GDA, which are (Def. 10J 
Parallel ; alfo the oppofite Quadnlajeral Figures. O D H N, 
X C G P, will be parallel, they being in t»e ftme Planes- 
with IDHL, KCGM, which are (Def. \o.) Parallel; 
morcower the Quadrilateral Figure X O $ P, vfiXi. be pa- 
rallel to its oppofite Quadrilateral Figure (3DHG, it be- 
ing in the fame Plane with BAEi% whicfe is (Def. 10.} 
parallel to CDJJG, *n<i cpnfequcntly the S^lid CXO 
DHNPG, which has its oppofite Sides paralle 1, will be. 
(J>ef. 10.) * ParallekjMpedoa. 

I fcy,,$#$»$^# «=f *%&$%$&<&> 

PEMON3TRA T JON, 











JL *^^L^ 


■MATSi 


^H 1 * 


* • • 






X 



.PfjElFGprrC 

DHLMGttCXODHNPG. Cafe 1- 

Kkk 2 : COROL- 
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Euclid's Elements. Book XI. 



Cafe 



COROLLARY. 

Triangular Prifins, which (28.) are half Parallelepipe- 
dons, being conftituted on the fame Bale, and in the lame 
Heightyare (Ax. 8.) equal. 

Tis die fame alfo in Polygonal Prifins, becauie they may 
be reduced into Triangular Prifins. - 

PROP. XXXL 

Solid ParaVelepifedotts EGH, A O H, Icing confiiMed 
ufo* equal Bafts EG, A O, end in the fame Height H, are e- 
qital one to the other. 

If the Parallelepipedons EGH, AOH, have the Sides 
perpendicular to the Bafes. 

PREPARATION. 

To the Side F G produced, apply a Parallelogram G K, 
equal and fimilar to the Parallelogram A Oland having com- 
pleated the Parallelogram G P, let the Right-lines P M, 
R G, meet K S, in Q. and L, and imagine Parallelepipe- 
dons whofe Sides are Perpendicular to their Bafes, and 
whofe common Height is H, to be conftituted on G K, 
GQ.,GP. 




M I 




DEMON- 



I 
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DEMONSTRATION. 



And 2 
V e. i. a. J 
Again 4 
ve.3.4. 5 
And 6 
•:e.j.6. 7 
Alfo 8 
vc.7.8. p 
ve. 9. 10 
Alfo 11 
ve. 10.11. i» 
Laftly 13 
ve. 13. 14 

''C.X2. 14. 1 1 j 

1 
1 

Cafe. 



2J. 



Sub. 
»5 



•.• 



EGH:GPH:;EG:GP. 
AO = EG. Hyp. 
EGH:GPH::AO:QP. 
GK = AO. Citift. 
EGH:GPH::GK:GP. 
Ga=GK. 35. 1. 

EGH:CFH::GQ.:GP. 

GQ.H:GPH::G(I:GP. 

EGH:GPH::GQ.H:GPH. n. «. 

EGH=tGClH. s>- 5. 

GKH = GQ.H. Cafe 1. 29 and 30. 

EGH = GKH. Ax. 1. 

A O is eqitol and fimilap tor G K. Confl. 

AOH = GKH. Def.u. 

£<&$-*!©*, ^. i- q.b. D. 



If the Parallelepipedons E G H, A O H r have not the 
Sides perpendicular to die Bafes. 

PREPARATION, 



On the equal Bafes EG, AO, and to the* fanie Height, 
place the Parallelempedoas fi G B> A O C> wfiofd Sides are 
perpendicular to the Bafes; 

I fay, $$&=3ti[>$» 





L 1 1 
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Alfo 

•^ C« I • 2* 

Alfo 
v ft 3.4. 



1 

2 

3 

4 
5 



Euclid's Elements. Book XI, 

DEMONSTRATION. 




EGB^r 

EGB = 
EGH= 
AOH = 



E G H. Cafe x. %$ and 30. 
AOC. Cafe 1. 
AOC. Jx. 1. 
AOC* Cafe 1* at and 30. 
= fltf>$* ^.1. CL E. D. 

COROLLARY. 



Triangular Prifms, which (*8.) are half ParaUelepipe- 
dons, being conftituted on equal Bafes, and in die fame 
Height, arc (Ax. 8.) e^ual. 

Tis the fame alio in Polygonal Prifms, becaufe they 
may be reduced into Triangular Prifms. 

PROP. XXXII. 

All Parallelepipedou cf the fame Height, me one to the 
ether, as their Bafts. 

PREPARATION. 

Let their Bafes be A and B C, and their common Height 
H ; fo may the ParaUelepipedons be exprefTed by A H and 
BCH. Upon CO make (44. i.j the Parallelogram OE 
equal to the Parallelogram A, having the Angle O C E e- 
qual to the given Angle G. Upon OE, BC, imagine 
ParaUelepipedons O E H, B C H, to be placed, of the Ume 
Height H ; fo will they be Parts of the one Parallel«pi- 
pedon BEH. I lay. 
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I 

2 
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And 
e. i. 2.13 
Again e.2. 14 
vc.3.4. j 
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► DEMONSTRATION. 

OEH:BCH::OE:BC »j. 
OE = A. Co^?. 
OEH:fiCH::A:BC. S*J. 
OBH = AH. 31. 

a^:*C^::a:»C. W. 0= E. D. 

♦ 

COROLLARY. 




B O 

HI 



J . 



<k 



£X 



.» 



Triangular Prifms, which (18.) ar* half Parallelepipcdons, 
of the fame Height,* are to one another as their Bales. 

Tis die lame alio in Polygonal Prifms, becaufe they 
may be reduced into Triangular Prifms. 

L E M M A L 

If four Quantities Aj AR, ARR, ARRR, be con- 
tinualfy proportional, that is, if A : AR : : AR : AR» : : AR» : 
AR^ ; then as the Firfi is to the Fourth, fo is the Cube 
of the Brft, to the Cube of the Second. 

That ^«t9S , ::fl 1 :fl l S > « 



DEMONSTRATION. 



And 



1 
2 



» • 



.• e. i. 3 



A : AR : : ARR : ARRR. Def. 2. 5. 
AxA»R 3 = A*xARj. 
9:9ii»:;*':&*'. Um.2*y a E. D. 

- « 

Lll 2 



LEM- 
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And 



• • 



.'•. 2. 



3 



LEMMA II. 

If four Qualities A, AR, ARR, ARRR, or AR, A, 

BR, B, either continued or. dif continued, be proportional^ their 
Cubes are alfo proportional. 

Thatis > a , :a , li l ::a , ft < :t'* a . and &»8Ma'::8* 

DEMONSTRATION. 

A : AR : : ARR : ARRR, and AR:A::BR:B. Def.2.5. 
A , xA'R' = A»R»xA»R ff . and A»R»xB»:a: Ai xB 3 R 3 . 

aua 3 lft 3 ::^Sl':a 3 «', and a j » 3 : a 3 ::» 3 »»:»*. 

law. *. j. Q: E. D. 

SCHOLIUM. 

1 

Becaufc (I*w. 2. 5.) A 1 : A» R* :: A* R* : A* R*. and A* 
R* : A* : : B* R* : B» j therefore if four Quantities, cither con- 
tinued or difcontinued, be proportional, their Squares are 
alfo proportional. 

prop. xxxn& 

SimHa* Solid Par alkhpi felons E B, E N, are in the Tri- 
plicate Ratio, or as the Cubes, of their Homologous Sides 
|EA, EF. 

PREPARATION. 

The Parallekpipedons EB, EN, being (Hyp.) fimilar, all 
their Planes will {Def. 12.) be fimilar, and conlequently 
(Def. 1. <J.)EA:EF::EH:EI, and EH:BI::EG:EC. 
Alfo the Angles of theiif Plants will {Def. 1.6) be equal. 
Let therefore the. Parallelcpipedofls E B, EN, be fo placed, 
that the equal Angles HE A, FEI, as alfo the equal An- 
I gles 




Book XL Euclid's Elements? 

gles G E H, IEC, may be vertically Oppofite in die fame 
Planes; fo (Scbo. iy. 1.) will FEA, IEH, GEC, be 
ftraight Lines. Imagine upon the Planes EO, ED, So- 
lids EL,. BK, lo placed, as that the Solids EB, EL, may 
make one Parallelepipedon A L ; the Solids tL L, E K, a- 
nother Parallelepipedon IL; and the Solids EK, EN, a 
third Parallelepipedon GN. 



Alfo 

V C. I. 2. 

Alfo 
ve. 3.4. 
ho 



1 

2 

J 
4 
5 






I fay, f£ xVf x •: € % : t &. 

DEMONSTRATION. 



7 
8 



Alfo 1 6 

v c* y • o« 
Alfo 

v e. 7. 8. 

Again 

Alfo 

Vcjo.ii. 

Alfo 

ve. 12.13. 

Alfo 
/e. 14.1c. 

Alfo 
.*e. 1&17. 

ye. 9. 18. 

ve. 19. 

Alfbe. 3. 

.*e. z i^tc. 



♦-*( 



* •. 



• •• 



EA:EF::EP:EO. 1.6. 
EB:EL::EP:EO. ay. 
EA:EF:.EB:EL 11* y. 
EA:EF::EH:EI. Dtf. 1.6. 
EB:EL::EH:EI. 11. y. 
EO:ED::EH:EI. 
EB:EL::EO:£D. 
EL:EK::EO:ED. 
EB:EL::EL:EK. 

EH:EI::ER:EQs 

1 EL:EK::ER:Ea 

2 EH:EI::EL;EK: 

3 EH:EI::EG:EC. 

4 EL:EK::EG:EC 
y EQ.:EX::EG:BG 

6 £L:EK::EQjEX, 

7 EKrEN::E<£:EX. 

8 EL:EK::EK:EN. 

? EB:EL::EL:EK::EK:EN. 

JEBiENicE'BrE'L. Lm.u 

aiE'A:£'F:;E'B:ET- Lem. ». 

22 e'ttf'f :;€#;«#*. 11. y. 



I. 6. 

II. y 

xi. y. 

I. 6. 
25.. 

11. y. 

*Ptf 1. & 
11. y. 

I. 6. 

m. y.. 
*y. 
11. y. 




n..yx 



0; E. D.. 
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COROLLARIES. 

Becaufe in continual Proportionals, as the Firft is to 
the Fourth, fo (Lem. i.) is the Cube of the Firft te the 
Cube of the Second ; therefore if four Lines *be contin- 
ually Proportional, as the Firft is to the Fourth, fo is 
a Parallelepipedon defcrib'd on the Firft, to a Similar 
ParaUelepipedon defcrib'd on the Second. 

Similar Triangular Prifms, which (18.) are the Halves 
of Similar ParaUelepipedons, are in the Triplicate Ratio, 
or as the Cubes, of their Homologous Sides. 

Tis the fame alfo in Similar Polygonal Prifins, becaufe 
they may be reduced into Triangular Prifins. 

PROP. XXXIV. 

Equal ParaVeUpipedtns A B, CD, have their Bafes and 
Altitudes reciprocal, fo that AE:CF::CH: AG. And 
thefe PardBelepiped&us AB, CD, which have their Bafes 
and Altitudes reciprocal, are equal. 

1 I Suppofe AB = CD. 

• 

If the ParaUelepipedons A B, CD, have their Sides per- 
pendicular to then- Bafes, and their Altitudes C H, AG, 
equal 

PREPARATION. 

* 

CH being (Hyp.) = AG, and AB = CD, the Ratio 
of CH to AG, is the lame with that of AB to CD, 
and confequently (Pefi a. j.) CH:AG::AB:CD. 

1 1 *r, 



Book XL 



227 



ve. 1. 

Alfo 

v e. 2. 3. 

Cafe 



1 

2 

3 
4 




1 

And 2 
•"e.i. 2. 3 

Alfo 4 

ve.3.4. 5 
AlfoU 

?.*c 5.*. 7 



Laftly 
•V c 7.8. 
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9 



Euclid's Elements. 

1 fay, a<0:Ctf::C9:a<&* 

, DEMONSTRATION. 



AG = CH. Hyp. 
AE:CF::AB:CD. 32. 

CH:AG::AB:CD. Def. 2. £ 

3«:«tf :;€$:£<& "* *• Qs E. D 

If the Parallelcpipedons AB, CD, have their Sides per* 
pcndieukr to their Bafes, and their Altitudes CH, AG, 
unequal* 

PREPARATION. 

From the Greater C H, take C I = A Gj and through I, 
draw the Plane IKJlCF. 

I fay, a<e:Ctf::C$.a<B. 

DEMONSTRATION. 



AE:CF::AB:CK- su 

AB = CD. Hjf. 
AE:CF::CD;CK. Sub. 
CM:CL::CD:CK. 2j. 
AE:CF::CM:CL 11.5. 
|CH:CI::CM:CL. 1. 6. 
AE:GF::CH:CI. 11. j 
CI=AG. Conft. 




«<£:€* :♦$$:«<&. ** Q. B. D. 
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If the equal Parallelepipedons, have not their Sides per- 
pendicular to their Bates, their Bafes and Altitudes will, 
be reciprocal. 

DEMON- STRATI ON. 



Imagine Parallelepipedons, which have their Sides per- 
pendicular to their Bafes, to be placed on the Bafes of 
the Parallelepipedons, which have not their Sides perpen- 
dicular to tneir Bafes, of the feme Altitude with them - t 
fo (%9 and 30) will they be equal to them. Since there- 
fore the Parallelepipedons, which have their Sides perpen- 
dicular to their Bafes, have (Cafe 1 and *.; their Bafes 
and Altitudes reciprocal, the Parallelepipedons which have 
not their Sides perpendicular to their Safes, but which 
are their Equals, will hate alto theft Safe and Altitudes 
reciprocal. Qj E. D. 

Suppofe AE:CF::CH:AG* 

If the Parallel epipedoas AR>CD, fcave their Sides per- 
pendicular to their Biles, and their Altitudes, CH, AG, 
equal. 



t fift.&9«t»t 



DEMON- 



Bb6# XC Eucuitfs Xlbmek^' 



'&2& 




DENTON ST RATION. 

AG=CH. %. ~ 
A£:CF::A,B;CP-.^ 
AE:Cfy:CH:AG. %. 
AB:CDt:CH:AG. n. $» 
AB:CH::CD:AG. i<S. y. 
AB:AG::CD:AG. Sub. 



• * . •• 




• 



j • 



l, J 



••*•!. 2. 



If the Farallelcpippdons AB, CD, baye tlieir Sides - 
perpendicular to their Bates, and their Altitudes C H, -. 
AGruneqijal. 



• » • 



PREPA RATI OH- 

From the greater CH, take CI = AG, and through 
I, draw the Wane IK NCF., "; *: ; ; 



i ' ! 



M 



» .*' 



I fcy,a#=*€J&». 



+■ \ 



.;*i:t, 



,*t 




AE.;CEKAB:eiC 
CH:CI::AB:CK. u. jr. 




PEJ^JQJSI SITUATION. 

:■ ■.■ ' ••..-.•:•« .' .1- •• ■' • ;'• 

AE:CF::CH:AG. Hft, 

CI = AG. Ctmft. 
AE:CF::CH:CI. Sub. 

. '\r. 
C H : 01.-. : PW :CL;i.A. 
A^:CK-sCM:Cfc.' n. 5. ' 
CD:CKj:CWt:GL.. J*.. 
AB^C^;:CD.;CK. 11*5.1 
21 35 =$#*•. & f^Qk E. Di . 

N » a 




If-; 



2JP 



Cafe 
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If the Parallckpipodoiw have not their Sides perpendi- 
cular to their Bales, and have their Bales and > Altitudes 
reciprocal, they will be equal. • A 

--'• DEMONSTRATION. 

w" 

Imagine Parallelepipedons, which have, their Sides perpen- 
dicular to their Bates, to he placed on tjie Bafes of the paral- 
lelepipedons, wftich have hot their Sides perpeadiicula^.to thtir 
Bales, of the lame Altitude with them ; fo (29 and 30) will 
they be equaL to, them. Since thereibre the Parallelepipedons 
wnich' have ttieir Sides perpendicular to their Bafes, are (Cafe 
1 and 3.) equal, the Parallelepipedons which have not their 
Sides perpendicular to their Bafes, but which - are their 
Equals, will be alfo equal Q. E. D. 

COROLLARY. 1 

• ■ 

Equal Triangilaf Prifins, wkich(iS.) are frail* Parallele- 
pipedons, have their Bafes and Altitudes reciprocal. And 
thofe Triangular Prifms, *Mgb Ijave their Balis and Al- 
titudes reciprocal) are equal. x 

- 'Tis die - fame atfo In Polygonal Prifms, befcaufc diey 
may be reduced into Triangular Prifms. > 



1. . 



rrh* jtfh Proffitio* is needlefs. • » 

PROP. XXXVI. 

V * » 

If three Rif>b»M*es AB, AC, AD, U tmi*kaRy Pro- 
fortiondy that is, if A B : A C : : AC t-A D, the PafaMefi- 
fedon AE, made if thtfe three Lines, is equal to a Pa- 
rallelepifeden F H, whtch ■ is Eqttiawgtlar, and has aU its 
Sides efual U the middle line. kT> 

'■ PRE- 



« * 



Boor XI. 



Alfo 

CI. X. 
•••CjJ, 

Again 
ve. 5. 

e.4. 6. 

e. 7. 
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Euclid's Elements. 



PREPARATION. 



2£I 



__ 1 

. From the Foiots C, L, draw the Lines CM, LN, per- 
pendicular to the Planes of the Bafes ; fo (the Solid An- 
gles A, F, being fuppofed eaual, fo that if they could pe- 
netrate, neither would exceed the other, as alio the Lines 
AC, FL) will the Heights CM, LN, be equal. 

I lay, aC=tf ** 

DEMONSTRATION. 




Z_BAD = Z.KFI, AB:AC:;AC:AD. 
FK=AC-FI. J$*. 
£BAD=:Z-KFI, AB:FK::FI:AD. 
BD = KL 14. 6. 
BD:KI::AE:FH. 
BD:AE::KI:FH. 
BD:AE::BD:FH. 



Hyp 

Sub. ' 



3*. 
1*. 5. 

Sub. 

Q»£ P. 



N n n 2 



FROF. 



yj 



2£2 



I 



H)f. 



i 



V c iJ x 

ve. 2.3. 4 

Alfo 5 

VC.4.5.U 



Byf, 






Alfo 



•.'e. a- 2. 



Alfa 



• • 



• v« 3* 4* 
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Euclid's Elements. 

prop, xxxvn. 



Book XI. 



ve.f.tf 



If four Lines A, B, C, D, le proportional^ tJ)at is, if 
A : B : : C : D, the Similar ParaUelefifedons dtfctibed utom 
tbofe Lines are proportional. And tf the Similar Parme- 
Jepifedons are proportional, thofe lanes Jhall be proporti- 
onal. 

Suppofe A:B::C:D. 

I fay, 3<£ xTbf ::G<&:^9. 

DEMONSTRATION. 

0009 

A:B::C:D. Hyp. 
A»:B»::C»:D». Lem. 2. 
A'rB'.iAE-.BF. 33. 
C»:D»::AE:RF> 11. j. 
C»:D>::CG:DH. 3% 

fl£:tt£::€<&:&$« ir. 5. Q E. IX. 

Suppofe AE:BF::CG:I>H. 

1 

DEM ON ST R'A T10.N. 

AE:BFt:A»:B'. 33. 

AE:BF::CG:DH. HyP. 
A»:B'::CG:DH. n. 5. 
C 5 :D»::CG:DH. 33. 
A*:B«::C»:D», 11. 5* 

#:#::€;?&. Q* E. D. 
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For 
Then 
But 



prop, xxxvrn. 



If a Plane E D. If, ffrfeifdUnl^r to anient 'AC, and 
a Perpendicular EF, if drawn' franco- Pen* E, in me of 
the Planet ED, to the other Plane AC, that perfendicn- 
lor E F, will fall at the cotsmrn Settim of tie Planes 

AD - .;■. . ■...- .'. - ii -■■■■ ■ ■ 
'PREP A R ; A -i F- ION. . 

If E F be laid to fall without A D, then in the Plane 
AC, let 611 (is. i.) FGXAD,.and join EG; to (.Def. 
3.) will EFG, BGF, be Right-anJfeJ. '■ 

- 1 i ! 

I fay, «#»« fao wta»» 

DEMONSTRATION.. 



If.EF fliould &B without AD. ; 
EFG,EGFi two a of a A, would be = itL: 
Two ~L' of a A are ~3 1 tU. 17..1. 
EF will not fall; without AD. 

erf tofli fall en a». Q. & d., 

J omit the }s*» Protection leetnft tf no great Cenfe- 
«•"**■ Ooo FROP. 



23* 



Alio 

.• e. i. 2. 

ve.j. 

4-r 2 

Alfo 

'.• e. 5. 6. 

Alio 



EuCUD's £ LEMENT5. B 00 K XI. 

P R O P. XL. 

A Prifm ABCDEF, wbofe Btfe is m Pardehxrm, 
AF, Ankle the Triamtlar Safe GHK, of mother Prifm 
GHKLMN, of tbt font Jkitxie,is epul to that other 
Triiitgilar Prifm. 

PREPARATION. 
Compleat the Farallelepidons ED, HN. 

DEMONSTRATION. 

AF=»GHK. Mn. 
HK = jGHK. 4i. I. 

AF = HX. A<t:f. ■- 
ED = HN. ji. 
{ED=i.BJl A. 14. 
jED = ABCDEF. 28. 

;hn=/abcdef. A.-8. • 

;HN = GHKLMN. 28. 

SCHOLIUM. 

From the preceding Dcmonftratisiu, the Solidities, or 
Solid Contents of Piratlelepipcdons, as alfo of Triangular, 
and Mult-angular Prifms, are learnt ; viz. by multiplying 
their Bales into their Altitudes. 

As if the Altitude CD, t£ 
a Right-angled EaraHelepipe- 
don AC, be 3 Inches, its 
Length BD 5, and its Breadth 
A B 4 •, then (JLtm. j. 1.) is- 
itsBafc AD = AB X BD = 
4 x f — to Square Inches, 
which being muftiplyed by its 

" Altitude. 



<P# 
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Altitude CD, or ] Inches, will produce Co Cubici Inches, 
for the Solidity of the Right angled Parallelepipedon A C. 

For as a Red-angle, To alfo is a Right-Parallelepipedon 
A C, produced of the Bafe A D, drawn into the Attitude 
G D. Therefore every Parallelepipedon is produced of the 
Bale drawn into the Altitude, fince (31.) every Parallele- 
pipedon is equal to a Right-angled one, constituted upon 
the lame Bale, and in the lame Altitude. 

Moreover, fince the whole Parallelepipedon is produced 
of the Altitude drawn into the Bale, the half thereof 
(that is, (18.) a Triangular Prifm) ihall be produced of 
the Altitude drawn into half the Bafe. 

Tis the lame alfo in Mult-angular Prams, becaufe they 
may be reduced into Triangular Prifins. 



Tin End of the Eleventh' ®&o$.. 



EUCLID's 
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EUCLID'S ELEMENTS, 

Demonftrated after a New, Plain, and Eafie 
METHOD. I 



BOOK XIL 



DEFINITIONS. 

F any Triangle A B C, be conceit'd to move from 
the Vertex or Top of a Solid Angle, (determin'd 
by two Planes A at, Aac, joined together in 
the common Line A j,) with a Motion al- 
ways parallel to its felf ; fo that its cxtream 

Angular Point A, fhall always remain in . 

the Line A «, but with its Sides A B, AC, ■" 

frail all along raze on the Triangular 

Planes A ah, Ate, 'till at -length they 

fall wholly within the Solid Angle, by 

this its Motion it will defcribe within 

the Solid Angle, the Figure called a )©£-. 

ratlttD, whole- Bafe will be the Trian- 
gular ale, and its Vertex A, and it 
I will 
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will alfo defcribe without it, another Quadrangu'ar Pyra- 
mid , whole common Vertex will be the feme A, but t!ie 
Bafe the Quadrangle C b. , ., 

The firft Pyramid it will defcribe with its Triangular 
Parts a c d, continually increafing from the Point A, and 
ending in the Triangle a be, but the ! 

latter Pyramid will be defcribed by the 
remaining Parts, or Trapezia cdef, 
continually decreafing downwards from 
the whole AB C, and at Length ending 
in the Right-Line be ; fo that in the 
mean while, the laid Triangle with its 
whole Space, defcribes the Triangular 
Prifm, compos'd of thofe two Pyra- 
mids, 

C O R O'L LA R Y I. 

Of what Sort foever the Defcribing Triangles ABC, DEP, 
are, fo they are equal; and whatever the Solid Angles are, 
comprehended under the Planes Aab, Aac, and Dde, Ddf, fo 
they arc accommodated to the Plane An- 
gles A and D,and iuch that the Defcribing 
Triangles ABC, DBF, conceiv'd to be 
mov*a within them, thro* an equal Inter- 
val of Motion from the Line AC to ac, 
and from D F to d f, may be all (or wholi y) 
receiv'd within diem in the lame Moment 
of Time j becaufe the increafing Triangu- 
lar Planes a e d, in each Triangular Pyra- 
mid, asallbthe decreafing Trapezia cdef, 
in each Quadrangular Pyramid, mull neceflarily be conceiv*d 
to anfwer one the other, both in Number and Magnitude, 
therefore all their Sums on both Sides will be equal, andcon- 
fequendy there will be delcribed the equal Triangular Pyramids 
abc A, defD, within the Solid Angles and the equal Quadran- 
gular Ones bcCBA, ef FED, without the Solid Angles ; and 
fo Triangular and Quadrangular Pyramids, olequalBafesand 
Altitudes, may be undoubtedly taken for equal ones; 

Ooo CO- 
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COROLLARY II. 

Therefore all Pyramids , of equal Bafes and Altitudes , 
are equal die one to the other. 

This (Cor. 1.) is evident ~ 

oi Triangular and Quadran- 
gular Pyramids. 

It is alfo as certain of Po- 
lygonal Pyramids ABCDEF, 

G11IKLM, becaule they . 

may be refolved into Trian- B 
lar Pyramids ; which will 
anfwer one another both in 
Number and Magnitude, in 
each Polygonal Pyramid. 

COROLLARY HI. 

In the Triangular Prifin A B C D E F, the Quadrangular 
Pyramid B C F E A, is precifely Double of the other Trian- 
gular Pyramid DEFA ; and the Triangular Prifm ABCDEF, 
is Treble of the Triangular Pyramid DEFA. 

For having drawn the Diagonal E C, 
the Quadrangular Pyramid BCFEA, will 
be divided into two Triangular Pyramids 
EBCA, EFCA, which will have a com- 
mon Vertex A, and equal Triangular Ba- 
fes, and confequently (Cor. 1.) will be 
equal. 

But one of thefe EBCA, or ABCE, 
(viz. if we take ABC for the Bale, and 
E for the Vertex^ is (Cor. a .) equal to DEFA. Therefore 
the Quadrangular Pyramid BCFEA, is = 1 DEFA, and 
confequently the Triangular Priun ABCDEF, is =jDE 
FA. CO 
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Hence, every Prifm is Treble of the Pyramid, that has the 
lame Bafe and Height with it ; or every Pyramid is the 
third Part of the Prifm, that has the fame Bafe and Height 
with it. 

For refolve the Polygonal Prifm ABCDEGFKIH, 
into Triangular Prifms B C D H K I, B D 
A F K H, A D E G? H ; and the Pyramid 
A B C D EG, ir.ro Triangular Pyramids 
BCDG, BDAG, ADEG;fo (Cor. 5.) 
will BCDHKI be= jBCDG, tiD 
AFKH = ?BDAG, and ADEGFH 
= 3 A D E G, that is, all the Parts of the 
Prifm will be Treble to all the Parts of the 
Pyramid, and confequently the whole Pri.in 
ABCDEGFKIH, is Treble the whole 
Pyramid ABCDiG. 



If a Circle A, be t conceiv'd to move downwards, aloog 



i 




1 



a Right-line C D, with a Mo- 
rion always parallel to it felf, 
by this its Motion it will gene- 
rate a Solid CDEF, called a 
CplWDer, which, if the Right- 
'ine CD be perpendicular, is 
:alled a !St8j)trfti;ltlfl>er, if 
oblique, an llKUnefcCjlto 

bet. 



O & a 



£a>, 




COROL. 
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Euclid's Elements. Book XII, 

CO ROLLARY L 

From this Genefis of Cylinders it is evident, that their 
Solid Contents may be found, by multiplying their Bafes 
into their perpendicular Altitudes ; becaufe they muft necef- 
farily be conceivM to confift of as many Elements, or Cir- 
cles, parallel and equal to the Defcribing Planes, or Bafes A, 
as there are Points, or equal Pares, indefinitely many and imall, 
in their perpendicular Altitudes A B, C G. 

COROLLARY II 

The Solidities therefore, both of Right and Inclined Cy- 
linders, being found by 'multiplying their Bafes A, into 
their perpendicular Altitudes AB, C G ; if their Bales A, 
and Altitudes A B, C G, be equal, thur Solid Contents, 
or the Cylinders themfelves, will be alio equal. 

Hence alfo it is evident, that Cylinders 
A B, AC, which are conftituted upon \ he 
fame Bafe A, and in the fame Altitude A B, 
that is, within the lame Parallels A D, B C, 
are equal. 

CllC Slfe* Of C?ltttftei$, are thofe 
Right-lines A B, AC, which join the Cen- 
ters of their Bafes, _ 

U a Triangle A B C, be conceived to revolve about the 
immoveable Side A B, till the 
Revolution be intire, that is, till 
the SMq T*C, arrive at the Place 
where it bqgan ; by this its Moti- 
on it will defcribe a Solid ACE 
D F, called a Cone, which, if ge- 
<«cr«ted by thp Motion of a Right- 
angled Triangle, is called a WLlQfyt* 
Cone* if by that of an Oblique 
angled Triangle, an SJUClWeD* 

Cone. 
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5 1 £t|e 3Xi» Ol a tfOttt, is that Right-line AB, which 
' joins its Vertex A, and the Center B, of its Circular Baie. 

Right-Cylinders and Cones are fetmtlat, when their 
Axes are proportional to the Diameters of their Bafes ; 
but Inclined Cylinders and Cones are not $>imtlar, un- 
lets they have a third Condition, was. thac their Axes be 
alio equally inclined to the Planes of their Bafes. 

If a Semicircle ABC, be conceiv'd to move round the 
immoveable Diameter A C, till its j± 

Circumference ABC, come to the 
Place where it began to move, by 
this its Motion, it will defcribc a 
Solid ABCD, called a ftp^ere. 

dfte &rit c( « *p!jett, is 
that immoveable Line AC, about 
which the Semicircle is turned. 

CUe CMTtei Of H £5p8«e, is that Point from which 
all Right-lines drawn to the Surface, ire equal ; as E. 

V3)t iK'ttWtM Of « *pDe«, is any Right-line what- 
foever, which pafles thro' its Center, and is bounded on 
each Side by its Surface. 

PROPOSITION I. 

Similar Volyimd Blares Afl 
CDE, FGHIK, inferibedin Cir- 
cles ABD, FGI, are Me to an- 
ther, as tie Samret defer iked of 
the Diameters tf the Circles A 
L, FM. 
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1 

X 



3 

4 



•/ e. 1. 

Alfo 
v e. a. *• 

Alfo 1 5 
v e. 4. $ . ^ 
Again 

V «. 6 7. 



V C 8. 

v c. 8. 9' 

ve. 10. 
e. 11 jia 
Alfo 13 



• • 



VCI 2. 13 



PREPARATION 
Draw AC, BL, FH, GM. 

I fay, 3)U:tf W*r.9L*C&e.$ <P$3I»' 

DEMONSTRATION. 

Z.ABC=Z.FGH; A B:BC::FG:GH. Dtfl i. 0* 

Z_ACB= Z.FHG. <j. *. 

ZLAC B = AALRji. 3* 
Z.FHG= /-ALB. ^*. 1. 
£FHG=^FMG. »i. 3. 
£ALB=Z.FMG. Jx. 1. 
i.ABL= Z.FGM. ji. 3. 
£ AL B=£FMG,Z.A 
BL= AFGM. 
« 1 _ B A L = Z. G FM. Ccr. 2. 31. i. 

ic!:alb = ^fmg, z.abl=£Fgm, z.bal=^ 

^GFM. 
11 AB:FG:: AL:FM. Scbo.1.4.6. 

Abq : FGf:: Ahq.VMq. Scbo. Lem. a. ill 
AB?:FG?::ABCDE:FGHIK. to. ft 



7 

8 




14 



I 



I 



L £ M M A I. 

The Peripheries of Circles are in Proportion one to ano- 
ther, as their Radius's. 

PREPARATION. 

Having (by Radius's drawn from the Centers) divided 
the Periphery of a Circle, into any Number of equal Ar- 

Iches, fuppofe 8, whereof A B is one ; thro' any Point in 
the Radius, draw a Concentric or Parallel Circle ; fo (Cor. 
3- 33-' 
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3. 33. 6.) will'its Periphery be alfo divided into 8 equal 
Arches, by thofe Radius's, one of which will be a b. More- 
over the Periphery of one Circle will be 8 a b, that of 
the other 8 A B, and (£ C being common, L a (29. 1.) 
= L A, and L b = L B;; the Triangles Cab,C AB, will 
be Equiangular. 

I &y, r : ft : : p : £• 



e. 1; 

i. e. 



1 

2 

3 



For 
Alfo 



• • 



;• c. 1. 2. 



1 

2 




DEMONSTRATION. 

C a :C A:: a b: A B. Seta 3.4.6 
Ca :C A::8 a b:8AB. 

t : % x : p : !>♦ Q* E. d. 

1 

COROLLARY. 

Hence, if the Radius, or Semidiarneter of one Circle, be 
called X, that of another Y, their Peripheries p, P, will 
have ' the fame Proportion to one another, as X Z to 
YZ. 

t 

X : Y : : p : P. Lem. i. 
X:Y::XZ:YZ. Urn. 2. 5. 

px®lX$%\ty%. xi. 5- 

LEMMA II. 

The Sum of a Series of Quantities, proceeding from o 
(inclufive) in an Arithmetical Progreflion, or whofe common 
Difference is equal to the leaft Quantity ; as o, A, 2 A, 
3 A, 4 A, 5 A, fcfe. is Subduple of the Produd of the 
laft or greateft Term, and Number of Terms. 

PRE- 



*4+ 



a x N 

* -r T 

Alfo 

e.4.3 



I 

2 
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PREPARATION. 

Let the Sum of the Series be called S, the laft or greateft 
Term G, and the Number of Terms N. 



DEMONSTRATION 



= N— 1 X A. 

NG = N^7 xNA. Ax. it. 
NG iTTlxNA A 

T" =- — 1 • A *- *+. 

c _ y — txNA 
^ = fi^. ^. 1. (^ e. D. 



a 

j 



COROLLAR I ES. 

Hence, if a Circle be conceiv'd to confift of as many 
Concentric Peripherics, as there are Points, or equal Parts 
indefinitely many and fraall in the 
Radius ; thefe Peripheries, as well as 
thtir Radius's, will (htm. 1.) pro- 
ceed from the Center, or ©, in an 
Arithmetical Progrefiion ; and there- 
fore their Sum, that is, the whole 
Circle, is equal to half the greateft 
(or extream Circumference) drawn 
into the Number of Terms, that is, 
the Radius. 

Where- 
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I 
1 



Wherefore if the Radius, or Semjdiameter of any Circle, 
bt called X, that of another Y, their Peripheries or Circum- 
ferences will (jCor. hem. 1.) be- to one another, as XZ to 
YZ, and their Areas, as 4- XfcX to i YZ Y. 

prop. n. 

GitcUs are to me another, as the Squares of their Dia- 
meter*. 

PREPARATION. 

Suppoie the Radius, or Semidiameter of one Circle =;. 
X, tnat of another = Y j fo will their Diameters be * X 
and x Y, and the Squares of their Diameters 4 X X and 
4Y Y ; alfo the Area of one will (Cw. 2. hem. 2.) be ;. 
X Z X, that of the other 4- Y Z Y. 

I fay, 4£#:4&$::*2i£U#£#> 

DEMONSTRATION. 

4 XXxiYZY==4YYxiXZX. 



rue to demon/irate the fifth and Jixtb, that IJbaU demon- 
otherwife, and more eatity. 
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Euctib's Elements. Book XII. 

prop. v. 

Ttiawgrtar Pyramids A B, C D, if At fame Height, are 
m Profrrtm wte to amMher^ as their B»fes A, C. 

PREPARATION. 

Ere& upon the Bafes A, C, of the Triangular Pyramids 
A B, CD, Triangular Prums of the feme Height with 
them ; fo (Cor. 3. Def. 1.) will 

thoic Prims be among them* j 
felves, as 3 A B to 3 CD. 

I fay, ft:C;:S£:C&. 

• * 

DEMONSTRATION. 

A:C: : _}AB :3CD. Cor. 32. 11. 
AB:CD:: 3AB:3CD. Letn. 

2. 5. 

a*C?:fc*rCJ&. 11.;. Q. E.D. 

PROP. VI 

I M Sorts of Pyramids, of the fame Height, have the fame 
Prefortm, as their Bafes. 

PREPARATION. 



Let the Pyramids be ABX, OFCZ, and let their Ba- 
fes A B, O F C, be refolved into the Triangles A, B, C, F f 
O, and the Pyramids themfelves^iato the Triangular Pyra- 
mids AX, BX, CZ, FZ, OZ. . — » ' . 




1%, %Xt®f€ii%»%i®*€Z. 
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• • 



/C I. 



• • 



e.2. 



r. ^. 

Again 



3 
4 

^ 





a • 



V c 6. 
i.e. 

Laftly 
vc.9. 
vc 10. 
i. e» 

ve.4.8.12. 
vc 13. 
c. 14. 

Le. 



7 
8 



o 
1 



• • 



3 
4 
5 

16 



DEMONSTRATION. 

AX;OZ::A:0;BX:OZ::B: *j 

O. j. 

AX-fBX:OZ::A + B:0 14. 

5. 

A X + B X : A + B : : O Z : O. 

id. 5. 

ABX: AB::OZ:0. 
AX:FZ::A:F; BX:FZ::B: 

F. 5. 

AX4-BX sFZ:: A-f B:F. .34. j. 

AX + BX:A + B::FZ:F. x*. 5. 

ABX:AB::FZ:F. 

AX:CZ::A:C; BX:CZ::B:C 5. 
AX + BX:CZ::A-f B:G * 4. j. 

AX+BX:A+B::CZ:C i©\ j. 

A BX:AB::CZ:C 
ABX:AB::OZ:0::FZ:F:;CZ:C. i|. jj 

4BX: AB::OZ + FZ + CZ:04-F+C «. $1 
AB:0+F + C::ABX:OZ+FZ + CZ. Car, 

S*t**C::«*:0*C*. a E D. 

COROLL A R I E S, 

Hence, All Sorts of Pyramids, of equal Bafes and Al~ 
tirades, are equal. 

Becaufe (Cor. 4. Def. 1 ^Levery Prifm is Treble of the 
Pyramid, that has the famcBafe and Height with it ; there- 
fore all Sorts of Prifms of the fame Height, have the fame 

Bales. 



Proportion, as 



Q.qq * 



PROP- 
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I PROP. VDi 

Every Prifm is Treble of the Pyramid, that has the fame 
Bafe and Height with it ; or every Pyramid is the third 
Part of the Prifm, that has the fame Bafe and Height 
with it. 

This is Demoaftrated Cor. 4. Def. 1 . 



LEMMA E 

Similar Polygonal Pyramids A BCR, OEFK, maybe 
rcfolved into the Similar Triangular Pyramids AR and 
OK, BR andEK, CR and F K 

PREPARATION. 
Draw MD, XD, ZV, SV. 

i ay, a » *nu *>% #» aim Cfc, € m *n* tf *, 
attjbtfltftftr* 

DEMONSTRATION. 



1 
ve. 1. a 

Alfo 3 




A' A, O, are Similar. 20. 6. 

MD:MI::ZV:ZP. Def. 1. 6. 

A* M I R, Z P K, are Similar. Def. 1 2. z't 



MI: 
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• « 



e.j. 

C» 2. J.. 

VtJ. 
V C 6. 

Again 

v c» 7» 8. 

vc.9. 

ve.5.8.io. 

VC. II. 
VC. 12. 

ve. 13. 

Laftly 

v a 1 5. 

e. 14.16. 






Cafe 



4MI:MR:tZP:ZK. < Z)<f. 1.6. > 

5 MD:M-I::ZV: ZP; MI: MR : :ZP :ZK. 

6 MD:MR::ZV : ZK. 22.5. 

7 MR:MD:: ZK:ZV. Cor. 7. 5. 

8 After the lame manner, M D : R D : : Z V : K V. 

9 MR:MD::ZK:ZV; MD:RD::ZV:K V. 

10 MR:RD::ZK:KV. 22. e. 

11 MD:MR:: ZV:ZK; M D : RD::ZV : K V; MR: 
RD::ZK:KV. 

12 A'MRD, ZKV, are Equiangular, j. 6, 

13 A'MRD, ZKV, are Similar. Scho. 1. 4. 6. 

14 AR, OK, are Similar. Def. 12. 11. 

1 5 After the fame manner, A* X R D, S K V, are Similar. 

16 BR and EK, CR and FK, are Similar. Def. 12. n. 

17 attanftg>&, »»ano<£», Cftatrt tf$, are ^ 
mttar. a E. d. 

prop. VIIL 

Similar Pyramids are in the Triplicate Ratio, or as the 
Cnbes of their Homologous Sides. 

If the Pyramids ABCD, EFGH,be Triangular. 




ft r r 



PRE. 



2J2 



Hyp. 
Cafe 



Cafe 



3 



i 
i 



Euclid^ Elements. Book XII # 

The Homologous Sides 1M, PZ, of Similar Pyramids 
ABCR, OEFK, being therefore given; if 1M, PZ, G, 
H, be continual Proportionals', it will be I M : H : : A B C 
R:OEFK. 

Becaufe (7.) every Prifm is Treble of the Pyramid, that 
has the fame Bafe and Height with it ; therefore Similar 
Prifms are in the Triplicate Ratio, or as the Cubes of 
their Homologous Sides. 

PROP. IX. 

Equal Pyramids have their Bafes and Altitudes reciprocal : 
And tbofe Pyramids which have their *Bafes and ^altitudes 
reciprocal, are equal* 

Suppofe the Pyramids to be equal. 

If the Pyramids A B, CD, be Triangular. 

PREPARATION. 

Ereft upon their Bafes A, C, Triangular Prilms, of the 
fame Heights EB, F D, with 
them ; fo (they being (7.) Tri- 
ple of the equal Pyramids) will 
thofe Prifms be alio equal. 

I fay, &:C::tf J&-<£15> 
DEMONSTRATION. 

3:C::#?&:<£#« O. 34. 11. Q. E. D. 

If the equal Pyramids be Polygonal j their Bafes and 
Altitudes will be reciprocal 

DE- 
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DEMONSTRATION. 

Imagine the given Polygonal Bafes, to be (25. 6.) re- 
folved into Triangular Bafes, equal to them ; and upon thofe 
Triangular Bafes, imagine Triangular Pyramids to be e- 
rected, of the fame Heights with the given Polygonal Py- 
ramids ; ft) (Cor. 1. d.) will they bs equal to the equal 
Polygonal Pyramids, and confequently to one another. 
Since therefore thofe equal Triangular Pyramids, have (Cafe 
1.) their Bafes and Altitudes reciprocal, the given Polygo- 
nal Pyramids, their Equals, will alfo have their Bafes and 
Altitudes reciprocal. Q. E. D. 

Hjf. i Suppofe the Pyramids to have their Bales and Altitudes 
reciprocal 

Cafe j If the Pyramids AB, CD, be Triangular. 

Ereft upon their Bafes A, C, 
Triangular Prifms, of the feme 
Heights EB, FD, with them ; fo 
(7.) will thofe Prifms be among 
themlelves, as 3 A B to 3 C D. 

I 



Cafe 



34. 11. 
Q.E.D. 




fay, a # = C ©♦ 

3 A B — 3 C D. Cor. 
~3B ==<££'. -Ax, 14- 

If the Pyramids be Polygonal ; they will be equal. 
DEMONSTRATION. 

Imagine the given Polygonal Bafes, to be (25.6.) relbl- 
ved into Triangular I3afes, equal to *hem ; and upon thofe 
Triangular Baits, imagine Triangular Pyramids to be e- 
refted, of the fame Heights with the given Polygonal Pyra- 
mids ; fo {Cor. 1. 6.) will they be equalto the given Polygo- 
nal Pyramids, and have their Bafes and Altitudes reciprocal. 
Since therefore thofe Triangular Pyramids are (Cafe 1.) e- 
qual, the given Polygonal Pyramids, their Equals, will be 
alfo equal. Q. E. D. 

Sff COROL- 



254 



t 



Euclid's Elements. Book XII. 

COROLLARY. 

Becaufe (7.) every Prifm is Treble of the Pyramid, that 
has the fame Bafe and Height with it ; therefore equal Priflns 
have their Bafes and Altitudes reciprocal : And thofe Prifras 
wliich have their Bafes and Altitudes reciprocal, are equal. 



I-f-R- 



1 1 



» * 



Alfo 



c,}.4< 



LEMMA IV. 

If the firft Term of never fo man? continual Proportio- 
nals, A, A R, A R R, ARRR, &c. ad Infinitum, be 
fubtra&ed from the laft, and the Remainder divided by 
the Ratio leflened by Unity, the Quotient will be equal to 
die Sum of all the Terms except the laft. ** 

PREPARATION 

Let the Number of Terms be called N, the laft Term 
L, and the Sum of all the Terms except the laft S ; fo will 

S be- = A + AR-4-A RR = -R^fy- » as will appear 
by multiplying R — 1 into A-fAR+ARR. 



I fay, 



» — 1 



* 



DEMONSTRATION. 

L = AR«-«. 

L-r- A = AR"-J_ A. %Ax. it. 

L — A AR— *A 



1 — R—x 

AR"-i_A 
R-i ' 



. Ax. 14. 




= £», Jx. 1. Q» E. D. 
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In a continued Series of FraSions -f, -J-, -f, tV> Ifc. de- 
creafing in a Duple Proportion ad Infinitum, if you take 
them backwards, you may juftly reckon a Cypher, or o, 
for the firft Term, (for between 4. and o, there may be 
an infinite* Number of fuch Terms,; and the Sum of all 
the Terms except the laft will be = t ; for fubtra£Hng 
the firft o, from the laft 4> and dividing the Remainder ■-, 
by the Ratio leffened by Unity, that is, by 1, which di- 
vides Nothing, the Quotient 4, is (Lew- 4.) the Sum of 
all the Terms, except the laft. 

The Sum of T V + m+ tttt» #*• decreafing in a Qya- 
druple Proportion ad Infinitum, will be T v ; for fubtra&ing 
the firft Term o,ftom the laft T V, and dividing the Remainder 
t't, by the Ratio leffened by Unity, that is, by 3, the 
Quotient 4~ will (Lent, 4O give the Sum of all the Terms 
except the laft. This therefore (viz. T \) being added, the 
Sum of all will be = T t = -^ 









Wherefore ± — r — t — -w &c. ad infinitum, or — 
4- ? 4- t + -*'t> &c. ad Infinitnm, will (O. 1.) be =0 ; 
alfo tt ■— tt ~ ttt — rrrr, &c ad Infinitum, or — 
-rw + tV + ttt + -rrrr> &c - *i Infinitum, will (Car. 2.) 

be s= o. 

L E M M A V. 

The Sum of a Series of Quantities, proceeding in a Du« 
plicate Arithmetick Progreflion from 1, ad Infinitum, that 
is, 1, 4, 9, \6 y tic. the Squares of Numbers in an Arith- 
metick Progremon 1, 2, 3, 4, gjfc. is Subtriple of the Sum 
of as many Terms equal to the gretteft, as is the Number 
of Terms. 



25* 
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DEMONSTRATION. 

The Sum of three Terms, i, 4, 9, = 14, is to thrice 
9 = a 7, (dividing both Sides by 9 ) as 1 -I, or 1 fj., or 

* •+" t + -rr tO 3. 

The Sum of Six Terms i, 4, 9* 16, 25, 36, = 91, is 
to Six Times 36 = 216, (dividing both Sides by 72) as 

1 + ^ + t't, to 3. 

The Sum of twelve Terms 1, 4, 9, 16, 2 ?, 36, 49, 64, 

81, 106,121, i44j = 650, is to Twelve Times 144 = 

17x8 (dividing both Sides by 576) as 1 -+- 4. -}- ^ 
to 3* 

The Fraftions adhering to them thus conftantly deereaf- 
ing, fome by their half Parts, others by three Quarters, (for 
tV is A, therefore the firft Decrement is T V ', and j T is 
£r, # therefore the fecond Decrement is ^ •,) the Sum of 
an infinite Series, will be to the Sum of as many Terms 
equal to the greateft, 

a* 1 + r + tt 



» 



&c. — nVr> &c. to 3, that is, (Ccr, 3. Lem. 4 ; 

as 1 to 3. Qt E. D. 



CO- 
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xz 



Hence, if we fuppofe the Axis A E, either of a Right, 
or Inclined Cone A Z X, to be divided into equal and in- 
I definitely many Parts, by as many parallel Right-lines 
1 Z X, the Lines Z X, will (it being (Scbo. 3. 4. 6.) as 
AB:AC::BZ:CZ::BX:CX, and AD:AE::DZ:E 
Z::DX:EX.) be as the Numbers 1, 2, 3, 4, i$c. and their 
Squares, or (1.) the Circles conftituted on the Diameters 
ZX, as 1, 4, 9, 16, fcfc. 

Whence alt thole Circles, or the whole Cone A Z X, 
(made up of the fame) will be Subtriple of as many 
Circles equal to the Grcateft, conftituted on the greateft 
Diameter Z E X, that is, Subtriple of a Cylinder whofe 
Baft is ZEX, and Axis or Altitude AE. 



T t t 
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PROP. X. 



Every Cone is the third Part of a CvliaJtr of the fame Baft 
and 9/utttuae 






i 

2 

3 



This is Demonftrated, Cor. Lera. j. 
COROLLARY. 

I Becaufc the Solid Contents of Cylinders, may (Cor. i. 
Def. 2.) be learnt, by multiplying their Bafes into their 
perpendicular Altitudes, and every Cone is the third Part of a 
Cylinder, of the fame Bafe and Altitude ; therefore the 
Solid Contents of Cones, may be learnt, by multiplying a 
third Part of their Bafes into their perpendicular Altitudes. 

PROP. XI. 

Cylinders and Cones, of the fame Altitude, are as their 
Bafes. 

PREP ARATIOK. 

Let the Circular Bales, of the Cylinders and Cones, be 
(Cor.i.Lem. 2.) expreffed by ^XZX, and 4YZY, and 
their equal Altitudes by A; fo (Cor. 1. Def. 2.) will the 
Cylinders be among themfelves, as i AXZXtoiAYZY, 
and (Cor. jo.) the Cones, as 4.AXZX to ;A YZY. 

I fay, iffZfiftzyiiiifZftitQXQix&fZfx 

DEMONSTRATION. 

fXZX:7YZY::f AXZX:f AYZY. Lw. 2. j. 
;XZX:rYZY::7AXZX:fAYZY. Urn. 2. 5. 

W%f iiQZQxxi*fXfxi*VZVxx**f*tx 
iV^Z% xi. 5. Q» E.D. 

LEM 
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Alfo 
V c i. a. 
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lemma VI. 



*5* 



Similar tylitulers and Ctox, have their Altitudts pvotw 
tiond to the Diameters of their Bales. l 



PREPARATION. 

If the Cylinders and Cones are Right, their Axes or 
Altitudes, will (fief. 6.) be proportional to the Diameters of 
their Bales ; if Inclined, from the Points A, F, of their 
Axes, AB, FK, upon the Diameters of their Bales CD 
G I, produced, let fall the Perpendiculars A E FH f« 
(Z.AEB being 04*. «.) =Z.FHK, Z.ABE (D* A? 
= Z.FKH) will Z.BAE be (C«r. z. 3 *. i.) -Z.KFH 
and confequently the Triangles A B E, F K H, will be E 
quiangular. 

I fay, e*i&%:i&G:f$, 




DEMONSTRATION. 

AB:FK::CD:GI. Def. 6. 
AB:FK::AE:FH. Scho. 3.4:$. 
€&%<&%%%%<txf & 11 j. Q.ED, 

T 1 1 * 



PROP. 
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prop. xn. 

Similar Cylinders and Cones, are in the Triplicate Ratio, 
or as the Cubes <f the Diameters of tiJetr Bafes. 

PREPARATION. 

The Semi-diameters of the Circular Bafes, of the Simi- 
lar Cylinders and Cones, being (Cor. 2. Lem. .a.) expreffed 
by tfand Y, and their Bafes by ^XZX and iYZYjkt 
tlieir Altitudes be repretented by A and a ; fo {Cor. 1. Def. 
2.) will the Cylinders be among themfclves as ; , -AXZX 
to i*YZY, and (Cor. 10.) the Cones as rAXZX to 
■ ;v7Y Moreover the Diameters of their Bafes being 
\ X and * Y, their Cubes, will be 8 X X X and 8 Y 
YY. 



I fay, 8*»:8$'::-ta*£*:ta$£$:ua* 

DEMONSTRATION. 



GP 



*x 



v e. "i. 

2-T~2 

3 + Y 

4X4.XZX 

Again 

ve. $.6. 

Alio 

— e. 7. 8. 



1 

z 

I 

4 

5 



:X:iY::A:a Lem. 6. 
2YA-=iX<*. Lem. 1.5. 
YA=Xa Jx.i*- 

A =^7 #4*. 14- 
fAXZX ** XZXX 



Ax. 1 3* 



7 

8 

9 



8X':8Y»::^Y~ :f * YZY ' ^ *' '* 
8X':8Y'::fAXZX:i*YZY. Sub. 
^AXZX:i*YZY::^AXZX:i4YZY. Um.t. 1. 

*%. 11 5- ^E.D. COROU 
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COROLLARIES. 
Becaufe the Axes of Similar Cylinders and Cones, are 
(Def. 6.) in the fame Ratio, as the Diameters oij their Ba- 
les ; therefore Similar Cylinders and Cones, aVe in the 
Triplicate Ratio, or as the Cubes of their Axps. 

Becaiile the Altitudes of Similar Cylinders and Cones, 
are (hem. 6.) in the lame Ratio, as die Diameters of their 
Bafes ; therefore Similar Cylinders and Cones, are in the 
Triplicate Ratio, or as the Cubes of their Altitudes. 

PROP. XIII. 

If a Cylinder A B, le cut by a flans C, farallel to its 
'Ba t e A, the. Cylindtrs madt b) that Section, will le to one 
another, as the farts of the Axis A C, C B. 

PREPARATION. 
Having let fell the Right^iine B E, perpendicular to the 
Plane of the Bafe A, which win 'be' alfo perpendicular 
to the Plane of the Parallel Bafe C, let the Lines A E, 
CD, be made »he common Seftions-of the two Parallel 
Planes A, C, and the Triangular Plane BAE> fo (K. 
i_i.) will the two common Sections AE, CD, be paral- 
lel. Let A, C, the equal Circular Bafes of the Cylinders, 
be (Cor. ?. hem. 2.) expreffed by ^XZX, and their Alti- 
tudes E D, D B, by A and /» ; fo (for. 1. Def. 3.0 'will the 
Cylinders be among themfelvej as f A X Z X tbtaX 
ZX. 

I fiy,aC:C»::ta^«f:t**«*. 
DEMONSTRATION. 



ED:DB::AC:CB. 2.6. 
A:«::AC:CB. 
A:«::fAXZX:i*XZX. hem. 1. J. 

Q.E.D. Uuu 
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If the Cylinders made by the Se&ion are Right, then 
[their Axes are their Altitudes A, *, and confequently (Lem. 
u s .) A:*::f AXZX:f *XZX. 

PROP. XIV. 

Cylinders and Cones, which are conftituted ufon equal Ba» 
fesy are to one another a* their Altitudes. 

PREPARATION. 

Let the equal Circular gafes of the Cylinders and Cones, 
be (Cor. 2. Lem. 2.) exprefled by iX2 X, and their Alti- 
tudes by A and a ; lo (Cor. 1. T)ef 2.J will the Cylin- 
ders be among themfelves, as fAXZX to f^XZX, 
and (Cor. 10 J the Cones as 7AXZX to t*XZX. 

I fay, a:«::f %*%%\± &fZ*::i&?$t%:ia*Z*.- 

DEMONSTRATION. 



Alio 
e 1.2. 



1 

2 

3 



A:*::f AXZX:i*XZX. Lem. 2. 5* 
A:*::iAXZX:t*XZX. Lem.2. 5- 

11. 5. Q1E.D. 



PROP, 
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Hjf. 

Caje 



ve. i. 

Alfo 

••a ». 3. 



E?*<rf Cylinders BH, EK, and Conts BAC, EDI, Jaw 
»A«'r B«/m «»J jltitudts rtcifrocd; fo that at BC-HI*- 
D F : A G. And theft Cylinders B H, E K, and Cones BAC 
EDI, which have their Bafts and Altitudes reciprocal' 
me equal. ' 

Suppoft BH = EK. BAC = EDt 

If the Cylinders BH, EK, and Cooes BAC, EDI, be 
Right, and have their Altitudes DF, AG, equal. 

PREPARATION. 

DF being (%) = AG, and BH = EK, the Ratio of 
DF to AG, is the fame with that of BH to EK, and 
confequently ("Def. 1. 5.) DF:AG: :BH:EK. 



1 fay, »C:*9!::S>tf:a<B. 
DEMONSTRATION 

DF = AG. Hyt. 
BC:EI::BH:EK. 11. 
DF:AG::BH:EK. Def. 1. 5. 

»«:«3l::»jr:a«. n.y. Q, E. D. 
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Cafe. 
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And 

.e. i.2. 

Again 

v c. 3. 4. 

Alio 

V C. o# J • 
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If the Cylinders BH, EK, and Cones BAC, EDI, 
be Right, and have their Altitudes D F, AG, unequal 

PREP ARATION. 

From the Greater DF, take OF^A G, and thro' O, 
draw PQjjEL 

I fay, $C:€!l::9ff:&<& 

DEMONSTRATION. 



1 DF:OF::EK:BQ. 14. 
» |0 F = A G._Co*ft. 

3 
4 

5 
6 

7 
3 




DF:AG::EK:EQs £«*. 
BH=BK. HyP. 

DF:AG::BH:EQ, Sub. 

BC:EI::BH:EQi 11. 

*C:6!l::*#:ft<fc 11.5. Q.E.D. 

If the equal Cylinders and Cones be Inclined ; their 
Bales and Altitudes, will be reciproal. 

DEMONSTRATI ON. 

Imagine Right Cylinders to be placed on the Bafes of 
the Inclined Cylinders, of the fame Heights with them ; 
fo (Cor. 2. Def. %.) will they be equal to the equal Inclin- 
ed Cylinders, and confequently to one another. Since there- 
fore thofe equal Right-Cylinders, have (Cafe 1. and %■) their 
Bales and Altitudes reciprocal, the Inclined Cylinders, their 
Equals, as alfo the Inclined Cones, ('which (\o*) are the. 
Thirds of the equal Inclined Cylinders, of the fame Safes' 
and Altitudes,,) will have their Bales and Altitudes reci- 
procal. 



Sup- 



Book XII. Eoclics Flembnts. 

Hjf.\ * Suppofe BC:EI::DF:AG. 
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Cajc 



Alfo 


1, 


.•e.i.3- 
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Vc.4. 


5 


•e. j.i. 


6 


V e. 6. 


7 


7 ill 


8 
9 


.•e.8.9. 


10 


e.7. 10. 


11 
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If the Cylinders BH, EK, and Cones BAC, EDI, 
be Right, and have their Altitudes D F, AG, equal. 

I fay, #© = «». »aC = «^3. 




/^ K 



w. 



DEMONSTRATION. 

DF=AG. i*f. 
BC:EI::BH:EK. II. 
BC:EI::DF:AG. Hyf. 
BH:EK::DF:AG. 11. j. 
BH:DF::EK:AG. K.J. 
BH:AG::EK:AG Sub. 
BH = EK. 9. 5. 
tBH=t|EK. Ax. 14. 

BH=BAC,jEK=EDI. 10. 
BAC=rEDI. S*». 

»$=<£». »ac=«»a. 

If the Cylinders BH, EK, and Cones BAC, EDI, 
be Right, and have their Altitudes DF, AG, unequal. 



PREPARATION. 



Q,E. D. 



From the Greater DF, take 
OF = AG, and thro' O, draw 
PQ.1IEI. 



In 




\£J 



Hay, 
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